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ABSTRACT

This paper presents a design and construction of a 16-point FFT calculator
based on FPGA technology. Specifically, the data is complex numbers in
which the real and imaginary parts are represented as fixed-point real
numbers. Moreover, a fixed-point real number is defined by 16 bits with the
high-significant bit being the 2's complement bit, the next 9 bits being the
integer part, and the last 6 bits being the fractional part. By means of
simulations and FPGA board-based experimental results, we show the
advantage of the proposed design compared to the existing ones. The
operating frequency of the system is 149,867 MHz giving 4,683,343 FFT
calculations of 16-points per second with low error (only about 0.3). This
design of FFT calculator could be extensible to perform multi-point
transformations since it is designed in a pipeline architecture with modules
that are easily resizable and can be embedded in systems that require the 16-
point FFT calculator.
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TOM TAT

Bai bao nay trinh bay thiét k& va thi cong mét bo tinh toan FFT (Fast Fourier
transform) 16 diém dua trén cong nghé FPGA véi kiéu dir lidu 13 s6 phirc
trong d6 phan thyuc va phan 4o dugc biéu dién dudi dang s6 thuc dau chim
tinh. Trong d6, mot s6 thue ddu chidm tinh duoc xac dinh béng 16 bit vdi bit
trong s cao 1a bit ddu bu 2, 9 bit tiép theo 14 phan nguyén, 6 bit cudi a phan
phan s6. Thong qua cac két qua danh gia qua mo phong va thyc thi thuc té
trén kit FPGA, chiing t6i chi ra tinh hiéu qua cua thiét ké dugc dé xuét so véi
mot sb thiét ké dang cé. Tan sb hoat dong cua hé théng la 149.867 MHz cho
ra 4,683,343 phép tinh FFT 16 diém mdi gidy va sai s cta cac két qua thip
(chi khoang 0.3). Tir b tinh toan FFT nay, c6 thé mé rong dé thyc hién cac
bién ddi nhidu diém hon do dugc thiét ké theo kién tric pipeline voi cac khdi
d& dang thay ddi kich thudc cling nhur ¢6 thé nhing vao cac hé thong yéu cau
b¢ tinh toan FFT 16 diém.

Doi: https://doi.org/10.54644/jte.71B.2022.1139
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1. Gigi thigu

Bién d6i Fourier nhanh (Fast Fourier transform - FFT) 1a mét thuat toan cdt 15i, duoc sir dung rong
rdi trong cac hé thong xir 1y tin hidu sd va truyén thong. Thuat toan FFT dugc trién khai dau tién vao
nam 1965 boi Cooley va Tukey [1] va phat trién thanh nhiéu kiéu kién trac voi mong mudn tdi uu vé
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thoi gian tinh toan, tai nguyén phan cimg, nang luong tiéu hao. Hién nay, kich thudc bo tinh toan FFT
ngay cang 16n nhu tir 64 diém voi IEEE 802.11a [2] cho dén 256/512 diém véi IEEE 802.11ac [3] va
moi nhat hién nay 1a 256-2048 diém cho IEEE 802.11ax [4]. Ngoai ra hé théng 4G LTE ciing yéu cau
bd FFT c6 kich thugc 128-2048 diém [5].

Tir [6] c6 thé thiy rang cac kién tric pipeline FET duoc xem xét dé thyc thi co nhugc diém 1 phai
tang so tang thiét ké khi sb diém FFT ting dan dén toc do tinh toan giam. Dé khic phuc diéu do, [7]-[9]
dua ra thiét ké su dung cac khdi FFT 8 hodc 16 diém cung cac khdi nhén, thanh ghi luu trr dé dat duogc
thiét ké 64/128/256 diém véi toc do tinh toan nhanh hon. Do d6, viéc thiét ké va tdi uu FFT 16 diém co
¥ nghia thuc tién trong viéc thyc thi FFT cho cac ing dung hién nay. Ngoai ra, thiét ké trong bai béo
[10] chi thuc hién cho viéc tinh toan FFT véi s6 nguyén va cd sai sé cao hodc thiét ké trong cac bai bao
[11] va [12] ton tai nhuoc diém 1a tan sé hoat dong khé thip. Do d6, trong bai bao nay, chling toi dé xuat
thiét ké bo tinh toan FFT véi sb phirc va co sai sd it hon so voi thiét ké trong bai bao [10]. Thiét ké dé
xuét cling doi hoi tai nguyén logic it hon 25% so vai thiét ké trong bai béo [10] va [11], trong khi c6 tin
s6 hoat dong t6i da cao hon 2.4 14n so véi thiét ké trong [10], 6 14an so v&i thiét ké trong [11] va 2.8 lan
s0 v6i thiét ké trong [12].

2. Co s6 ly thuyét
2.1. Bién déi Fourier nhanh co sé 2

DFT N diém thuc hién v6i N2 phép nhan va N(N — 1) phép cong dan dén viée tinh toan truc tiép tir
DFT trén phan cting c6 nhitng bét loi khi khéi luong phép tinh 16n, cAn nhiéu tai nguyén va téc do thap.
FFT [1] d4 duoc trién khai chi véi g log, N phép nhan va Nlog,N phép cong tirc di giam di rat nhidu so
v6oi DFT. Khong dung lai ¢ do, lan lugt tirng thudt toan FFT khéac nhau dugc ra doi véi mong mubn tdi
wu vé tai nguyén va tdc do nhu co sé 2 phan chia theo thoi gian hay tan sb, co sb 4, trén co s6 ... Trong
ndi dung bai bao nay, chung t6i trién khai theo co s6 2 phén chia theo tan s6 [1].
2.2. Cac kién truc pipeline FFT

Pipeline FFT 1a mot nhom céc kién trac thuat toan FFT dic biét dé c6 thé tinh toan DFT mot cach
tuan tu. N6 thoa man yéu cau vé thoi gian thuc va xur 1y lién tiép khi dit liéu duge cung cép lién tuc
thong qua bo xir Iy. Mot s6 kién trac khac nhau da dugce dé xuat dua trén loai thuat toan theo co sd va
su phan chia. Cac dic diém chinh va tai nguyén ctiia mot sb kién tric pipeline FET dugc trinh bay &
Bang 1. C6 thé thiy rang 2 kiéu kién tric R2SDF (Radix-2 Single-path Delay Feedback) va R2MDC
(Radix-2 Multipath Delay Commutation) dua trén thuat toan co s 2 c6 do phuc tap khi thiét k& 1a nho
nhit nén dé tiép can nhat. Ching c6 cling thong so téi wu hoat dong 1 50%, tic 1a véi 16 chu ky xung
clock thi bo cong hodc bo nhan hoat dong vai 8 chu ky. Tuy nhién R2SDF yéu cau sir dung it thanh ghi
hon nén sé tiét kiém vé tai nguyén phan cimg hon. Do d6, chling tdi chon kién trac R2SDF dé thiét ké
b0 tinh toan FFT 16 diem.

2.3. Kién tric R2SDF

R2SDF 1a mot kién trac pipeline FFT don duong hdi tiép theo thuét toan co sd 2. Dit liéu s& duoc
dua vao tudn ty ting diém va dugc tinh toan lién tuc. Céu trac luéng dit liéu R2SDF FFT 16 diém duoc
minh hoa nhu trong hinh 1 va chia ra 4 ting. Cac khdi BF2 1a budm 2 diém, cac khéi 8, 4, 2, 1 1a cac
thanh ghi FIFO (First-In First-Out) va cudi cting 14 cac khdi nhan véi thira s6 xoay. Dit liéu s& duoc luan
chuyén nhu so d6 budm, bat dau 1a 8 diém x(n) dwa vao FIFO ting dau tién, sau d6 8 diém x(n) tiép
theo dugc tinh toan buém véi 8 diém dau, két qua phép cong duoc dua thing qua tang tiép theo con
phép trir thi lwu vao FIFO. Khi trong FIFO ¢ du 8 két qua phép trir thi s& dugc dua qua bo nhan va dén
tang tiép theo. Céc tAng khéc ciing thuc hién tuong tu.

JTE, Issue xx, February 20xx 11


https://jte.hcmute.edu.vn/index.php/jte/index
mailto:jte@hcmute.edu.vn

JTE

HCMUTE

ISSN: 1859-1272

JOURNAL OF TECHNICAL EDUCATION SCIENCE

Ho Chi Minh City University of Technology and Education
Website: https://jte.ncmute.edu.vn/index.php/jte/index
Email: jte@hcmute.edu.vn

Bang 1. So sanh tai nguyén phan cing cua kién trdc pipeline FFT [13]

3. Thiét ké hé thong
3.1. So dé khoi toan hé théng

Tir kién trac R2SDF, hé théng duoc thiét ké twong tu véi 4 khédi Stage va 1 khdi Controller dé didu
khién, dugc thé hién nhu hinh 2. Puong dit liéu chinh ctia hé théng 1 phan thuc va phan o cia cac
diém FFT v6i mdi phan s& duoc tinh toan véi kich thude 16 bit, két ndi xuyén sudt qua cac tang. CAc
khdi trong hé théng déu sir dung xung clock dong bd va cac tang s& chiu su diéu khién cua tin hiéu

Hinh 1. Kién tric R2SDF FFT 16 diém.

Kién trac | B nhan phtic Bo c,@ng Thanh ghi Bop Iiuc tag iy U T
phuac diéu khién B6 cong Bo nhan
R2SDF log,N — 2 2log,N N—-1 Pon gidn 50% 50%
R2MDC log,N — 2 2log,N 3N/2 -2 Pon gian 50% 50%
R22SDF log,N —1 4log,N N-1 Trung binh 75% 75%
R4SDF log,N —1 8log,N N-1 Trung binh 25% 75%
R4MDC 3(log,N —1) 8log,N 5N/2 -4 Trung binh 25% 25%
R4SDC log,N -1 3log,N 2N -2 Phtc tap 100% 75%
Stage 1

toggle cung lic. Ngoai ra con c6 tin hiéu rst (reset) bat dong bo dé budc bo tinh toan thuc thi lai tir dau
v6i dit liéu moi dua dén ¢ ngd vao.

STAGE_1

X1 re

data_in_re data_out_re

Xn im
clk

data_in_im data_out_im

clk

YYyvYy

toggle

STAGE_2

STAGE_3

data_in_re data_out_re

data_in_im data_out_im
clk

YYVYY

toggle

data_in_re data_out_re

STAGE_4

- data_in_re data_out_re

data_in_im data_out_im

Ik

p|tozgle

| data_in_im data_out_im
- clk

CONTROLLER

clk

counter

18t

st

e

F—Moggle

> Xk 1e

» Xk im

3.2. Khéi Stage

Khéi nay gém module Butterfly (buém), FIFO, Multiplier (nhan vai thira s6 xoay) va ROM (luu cac
gid tri thira s6 xoay) duoc minh hoa nhu hinh 3. Khéi Stage c6 2 trang thai hoat dong duoc lwa chon bai
tin hiéu toggle. Khi toggle = 0, dir liéu ngd vao s& dugc dua vao FIFO va ngd ra FIFO sé& dua dén bo

Hinh 2. So d6 khoi hé thong FFT duoc thiét ké
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nhan vai thira s xoay tuong tmg, day 1a trang thai mot nira dir liéu dau tién. Khi toggle = 1, dit liéu ngd
vao s& dua dén buom tinh toan, két qua phép cong sé dugc dua thang ra data_out, két qua phép trir s&
duoc luu vao FIFO va chd cho dén trang thai toggle = 0 tiép theo dé duoc nhan vai thira sé xoay.

FIFO
fifo_out fifo_in

clk clk

Butterfly
32 — a bf _sum

- =/

data_in

b
— en b f_(l if 1

Multiplier

/l/ mul_in
toggle

bypass mul_out 32 data out
Address counter —

cdk W k address

Hinh 3. So do khéi cuia khéi Stage

clk

3.3. Module Butterfly

32
a // 1 1
32 32
b + (0, 0) bf sum
—_— 0 p—
(0, 0)
0 32
- 1 bf dif
en

Hinh 4: So d@6 khoi ciia module Butterfly.

Module Butterfly c6 nhiém vu thuc hién phép cong trir trong so d6 budm 2 diém. Tin hiéu ngd vao
1a a, b va ngd ra 1a bf_sum, bf dif, mdi tin hi¢u déu bao gdm phan thyc va phan 4o. Tuy nhién trong qué
trinh thuc thi thi khéng phai lac nao buém ciing can thuc hién phép tinh. Vay nén module cin c6 mot
tin hidu en cho phép thuc thi, néu en=0 thi két qua ngd ra s& bang 0. Module Butterfly bao gdm mét bo
cong, mot bo trir va hai b da hop duogc diéu khién boi tin hiéu cho phép, co so dd RTL duoc thé hién
nhu hinh 4.

3.4. Module FIFO

FIFO la thanh ghi dich, voi thir tu ctia dit liéu 1a vao trude ra trudce. O trong hé théng nay, FIFO
khong ¢ dinh kich thudc ma thay do6i dua theo vi tri tang. O tang 1, kich thudc ciia FIFO sé& 14 8 tg
v6i 2° s6 phtic, mdi s6 32 bit (16 bit cho phan thuc va 16 bit cho phan 40), tAng 2 s& 1a 2% =4, ting 3

14 2 va ting 4 13 1 s6 phtrc. Nhu vay kich thudc FIFO clia mdi ting s& bang 27 v6iilasd tang.
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3.5. Module Multiplier

mul . 1
L mul_out

address — | ROM X 0
W k

bypass
Hinh 5. So @6 module Multiplier
Khéi Multiplier ¢6 so ¢& RTL nhu hinh 5 thyc hién phép nhan dit liéu véi thira s6 xoay. Vi khong
phai lac ndo dir hiéu ciling can nhan nén can c6 mot tin hiéu didu khién cho phép bd qua bypass. Thira
sO xoay s& dugc luu trit trong module ROM (s trinh bay & phan ké tiép) va chon ra béi tin hiéu address.
Luc nay dir liéu dau vao mul_in s& dugc nhan véi W_k 14y ra tir module ROM bing b nhén sb phc.
Viéc lua chon dia chi cho module ROM s& dugc trinh bay trong phan module Address counter.

3.6. Module ROM

ROM

ROM: array (0:N/2-1)
k=0

Theta=2*pi*k/N
ROM (k)=(cos(Theta),-sin(Theta))

END

Hinh 6: Luu d6 module ROM.
Module ROM 14 bd nhé luu trir gia tri clia cac thira s6 xoay. Vi FFT N diém da giam con N/2 thira
s6 so v6i DFT nén ta chi can tinh toan va luu trit cac gia tri Wﬁ} voik=0,1,.. ,g — 1. Luu d6 thuat

toan ROM duoc thé hién ¢ hinh 6. Trong d6 ROM duoc khai tao vai kiéu mang cac sb phirc. Sau do,
.2k

mot vong lap duoc thyc thi dé tinh gia tri Theta 1a iy thira cia e N va dwoc bién dbi sang cong thic
Euler e71® = cos(8) — jsin(®) dé luu vao ROM.
3.7. Module Address counter

Trong thiét ké khdi Stage, & mdi canh 1&n xung clock, dir liéu ngd ra sé thay d6i phu thuoc vao dir
liéu ngd vao va dir liéu trong FIFO. Do trang théi ciia khéi Stage thay doi mdi N/2 chu ky xung clock
va dia chi cAn dung tir 0 dén N/2 —1 nén Address counter 1a bo dém mod N/2. Gi4 tri khoi tao cua bién
dém 12 0, counter sé& tang mdi khi xuét hién canh Ién xung clock va tré vé 0 khi dém dén N/2.
3.8. Khgi Controller

Qua thiét ké khdi Stage & trén c6 thé thay rang Stage 1 can ddi trang thai toggle sau 8 chu ky xung
clock, trong rng voi cac khéi Stage con lai 1a 4, 2, 1 xung clock. Nhu vay khéi Controller 1a mot mach
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dém 4 bit voi bit trong s cao s& diéu khién khoi Stage dau tién, bit trong s thap s& diéu khién khbi
Stage cudi cling.

3.9. Mach kiém tra
So @6 khdi mach kiém tra duoc thé hién ¢ hinh 7. Cac khéi Data_in ROM va Data_out ROM c6
nhiém vu luu trir va day dir liéu x(n) ¢ ngd vao va luu két qua & ngd ra rodi sap xép lai theo thur tu cac

X(k). Khdi LCD_Controller c6 chitic nang hién thi gia tri X(k) dugc lya chon béng 4 switch dugc dém
theo nhi phan.

Data_in ROM 16 FFT Data_out_ ROM LCD_controller
S :
clk xn_re — xn_re Xk re 16 Xk re X_re ! 6_ X re Ied e —
Xn im 16 xn_im Xk_im| 16 Xk_im X71111—L9L— X im led r 8
- clic sl -
— rst — clk “ clk led 1w =
— st —1 Ist - i
— rst i 4 <]
l_ SW ’— SW led db
sw—4
rst
clk

Hinh 7. So d6 khéi mach kiém tra
4. Két qua danh gia qua md phéng va trén kit FPGA thuyec té
Bai bao sir dung dit liéu ngd vao nhu sau dé danh gia két qua: xn={(1,-1),(2,-2),(3,-3),...,(16,-16)}
4.1. Tai nguyén s dung

Bang 2. Tai nguyén bg tinh FFT 16 diém

Logic Utilization Used Available Utilization
Number of Slices 1803 4656 38%
Number of Slices Flip Flops 156 9312 1%
Number of 4 input LUTs 3127 9312 33%
Number of bonded 10Bs 66 232 28%
Number of MULT18X18SIOs 12 20 60%
Number of GCLKSs 1 24 4%

Bang 3. Tén s6 hoat dong 16i da b tinh toan FFT 16 diém

Speed Grade -4
Maximum Frequency 149.867 MHz
Minimum input arrival time before clock 7.452 ns
Maximum output required time after clock 51.977 ns
Maximum combinational path delay 52.564 ns

Béng 2 tom tit tai nguyén can sir dung cho bo tinh toan FFT 16 theo kién trac pipeline R2SDF khi
dugc tong hop dung phan mém Xilinx ISE 14.7, gia sit chon dong chip FPGA XC3S500E. Tan s xung
clock ti da c6 thé hoat dong 14 149.867 MHz. Nhu vdy trong 1 gidy, bd tinh toan nay c6 thé thuc hién
(149.867%10"6)/32 = 4,683,343 phép tinh FFT 16 diém.

Bang 4. So sanh véi cdc thiét ké khac

Thibt ké d xult Abhishek Josue Saenz Parvi_n and
Mankar [10] [11] Hussain [12]
Slices 1803 2389 2402 X
Flip Flops 156 1913 295 X
4 input LUTs 3127 3972 X 223
10Bs 66 X 51 X
Fmax (MHz) 149.867 61.831 25 54.089
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Két qua so sanh thiét ké dugc d& xuit trong bai bao nay véi cac thiét ké di c6 dugc thé hién trong
bang 4. C6 thé thiy rang tai nguyén cua thiét ké dé xuit so voi thiét ké ¢ [10] [11] giam khoang 25%,
ddng thoi tan sé hoat dong t6i da (Fmax) ciing 16n hon 2.4 14n so v6i [10] va 6 1an so v6i [11]. So véi
thiét ké [12], mac du thiét ké dé xut sir dung nhiéu tai nguyén hon nhung tao ra tan sb hoat dong 16n
hon 2.8 1an thiét ké cil.

4.2. Két qud ddnh gid chirc ning qua md phéng

Sau khi chay mé phong véi dir liéu ngd vao da trinh bay, dang song thu dugc minh hoa trong hinh 8.

[P\ ., P0O%Ps,,, , f@00Ces, , , [en000es, | ,  [@ODOCRS , , [LOODSOOPS | ,  [LDG00PS | [L30OC
1y ok !
1 rst
2 xn . X{0000001... X {000000L... X {D000001... { {0000001... X {000000L...

2§ .re - X00000011....Y(0000001 ... X 0000...
25 .im 0000000000000000

g xk ({R000000K... Y {OC00C0OC00CX... ¥ {XOCO0000CO00X, X.... Y {XO00C00OBC0000K, X... ¥ {IO0COOCOGIO0CIN,X... ¥ {OOCOOG00G00C00K, X... 1| {H00000C00GON000K, X... ¥ {XI000C0UO00K.... ¥
2. |G = T - T - T % T - > T ~ )
B .m | (0000000C..) X0000000C00000K_ (| X00000000000000 ) X0000000000C000K | X00000000000000¢ (| X00000000000000C (| X00000000000C000 | X0000000000..

3,050,000 p
1,600,000 ps |1,800,000 Ps IZ,UOO, 000 ps 2,200,000 ps 2,400,000 ps 2,600,000 Ps, 2,800,000 ps, 3,00C
[N A [ S I S I N I N Y N Y Y Y N D S D
g % £0000010... {00$0000000000000, 0000000000000000}
0... %00000100... 0000000000000000
P — N P . 0000000000000P~,

7
0... N1 {111N 11 {1 XYL {1 0L {1 (L.

0. {00 XJ1. 11111‘10..‘.( 1o b .
|

00000000R0000 00... /1111 10...%00... X 00... /11...

T

X(0) X(B) X(4) X(12) X(2) X(10) X(6) X(14) X(1) X(©) X(5) X(13) X(3) X(11) X(7) X(15)
Hinh 8. Dang song tin hiéu tinh todn FFT 16 diém.

4.3. Két qud ddng gid thuc té trén kit FPGA

Hinh 10. Két qua thuec té
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Mach kiém tra duoc tong hop va nap xudng kit FPGA Spartan-3E nhu hinh 9, két qua duoc thé hién
trén hinh 10. Két qua thyc thi gitta mo phong va thuc té khong cho thdy sy chénh 1éch nao. Dé so sanh
két qua tong quat hon, két qua ngd ra X(k) cia hé thong duoc liét ké va so sanh voi két qua 1y thuyét
dugc tinh bang MATLAB & bang 5 v6i sai s6 ghi nhan duoc tdi da 1a 0.2853.

5. Két luan

Qua qua trinh danh gia két qua thuc thi ciia bo tinh toan FFT 16 diém, c6 thé thay rang thiét ké hoat
dong tot, két qua cho ra twong ddi chinh xéc so véi ly thuyét tir mé phong cho dén danh gia thyc té trén
kit FPGA. Tai nguyén hé thong sir dung it hon khi so sanh véi 2 thiét ké dugc xem xét tir dau 1a [10] va
[11] khoang 25%, cling nhu dat dugc tan sd hoat dong kha cao 1a 149.867 MHz cho ra tdc d6 bién ddi
Fourier nhanh 16 diém 14 4,683,343 lan mdi gidy. Thiét ké duoc trinh bay da khic phuc nhugc diém tan
sO thap va chi dung s nguyén din dén sai s6 nhiéu ciia Cac nghién ctru trude d6. Ngoai ra, viée thiét ké
theo kién tric pipeline c6 thé d& dang mé rong hodc str dung trong cac bd tinh toan FFT nhiéu diém hon.

Cac ung dung hién nay khong chi sir dung moi FFT ma con IFFT (Inverse Fast Fourier Transform)
nén ching ta c6 thé tich hop thém bd IFFT vé6i nhitng module c¢6 sin va c6 thé linh hoat chuyén d6i véi
1 tin hiéu diéu khién ngd vao. Ngoai ra, viéc cai tién va nang cép 1a diéu bat budc khi dung cac board
mach FPGA dugc tich hop cac khdi xir Iy DSP nham lam ting téc d6 xir Iy, giam bot lugng tai nguyén
can thiét, hd tro dau chdm dong cho ra két qua chinh xac hon. Khong nhiing thé, viéc nghién ciru va ting
dung céc thuat toan FET phirc tap hon nhu co s6 4, 8 hay tham chi 16 s& gitp cac bd tinh toan FFT nhiéu
diém hoat dong hiéu qua hon.

Bang 5. So sanh két qud thue té va 1y thuyét bé tinh todn FFT 16 diém duwoc thiét ké.

X(K) Thuye té Ly thuyét Chénh léch |AXK|
X(0) (136.0, —136.0) (136.0, —136.0) (0.0,0.0)

X(1) (32.0,48.0) (32.2187,48.2187) (0.2187,0.2187)
X(2) (11.25,27.25) (11.3137,27.3137) (0.0637,0.0637)
X(3) (3.6875,19.6875) (3.9728,19.9728) (0.2853,0.2853)
X(4) (0.0, 16.0) (0.0,16.0) (0.0,0.0)

X(5) (—2.5,13.5) (—2.6546,13.3454) (0.1546, 0.1546)
X(6) (—4.75,11.25) (—4.6863,11.3137) (0.0637,0.0637)
X(7) (—6.5,9.5) (—6.4087,9.5913) (0.0913,0.0913)
X(8) (—8.0,8.0) (—8.0,8.0) (0.0,0.0)

X(9) (=9.5,6.5) (—9.5913, 6.4087) (0.0913,0.0913)
X(10) (—11.25,4.75) (—11.3137,4.6863) (0.0637,0.0637)
X(11) (—13.1875,2.8125) (—13.3454,2.6546) (0.1579,0.1579)
X(12) (—16.0,0.0) (—16.0,0.0) (0.0,0.0)

X(13) (—20.0,—4.0) (—19.9728,—3.9728) (0.0272,0.0272)
X(14) (—27.25,—-11.25) (-27.3137,-11.3137) (0.0637,0.0637)
X(15) (—48.0,—32.0) (—48.2187,—32.2187) (0.2187,0.2187)
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