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throughout the entire workspace. The tension of each cable needs to be
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being deflected and the main purpose is to ensure that the robot achieves a
rigid state and eliminates vibration when moving. Because of that essential
demand, this article will refer to the Quadratic programming algorithm to
Over-constraint CDPR; solve the problem of tension distribution for the Planar Cable-Driven
3 DOF parallel robot. Parallel Robot consisting of 4 cables with 3 degrees of freedom. This article
will be the foundation for applying this algorithm to an 8-cable robot with 6
degrees of freedom (Spatial Cable-Driven Parallel Robot for example). At
the same time, in this article, the simulation results for the algorithm will
also be presented in this paper.
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1. Introduction

Cable-driven parallel robot (CDPR) is a type of parallel robot that uses the cable to control the end
effector (E-E) instead of using rigid joints. One of the main advantages of CDPR is the ability to create
a large workspace while maintaining high stiffness and low inertness. Low cost for large workspaces is
also a notable advantage [1]. Thanks to the advantages of CDPR, it can be used in many research fields
like rehabilitation, haptic, movement simulation, and 3D printing..... The feature of tension distribution
for CDPRs is one of the most considerations in designing, and controlling the problem of CDPRs.
Tension involves issues such as system balancing, feasible workspace determination, actuator power,
mechanism stiffness, trajectory movement, and controller design [2]. Many proposed methods of tension
distribution have been conveyed in the research of CDPR, Tuong Phuoc Tho and Nguyen Truong Thinh
[3] used linear optimization to find the solution of tension distribution for the CDPR used for 3D
concrete printing, under high-load working conditions and long working hours, reducing power
consumption is paramount to save energy, because printing velocity is slow, dynamic effects are
ignored. Besides, Cong Bang Pham et al [4] also used the “Linear Optimization” algorithm to build the
calculation of cable tension. So-Ryeok Oh and Sunil K. Agrawal [5] applied the proposed “Linear
Optimization” method to find cable tension for PM-CDPR form, the results were simulated successfully.
Based on these models, all authors also develop an algorithm to control the robot by providing negative
tension. Soon after, Per Henrik Borgstrom et al. [6] made improvements to the “Linear Programming”
algorithm to simplify the calculation process applied for tension distribution. In the specific case where
the positive tension aggregation method has been selected to finalize the optimal solutions and the
optimal criterion.

Similar to the Linear Programming algorithm, the Non-linear Programming algorithm has been

applied to find the tension distribution of the cables. The disadvantage of Linear Programming is the
discontinuous tension distribution along the joint trajectory. A new Quadratic Programming method has
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been concerned (p-norm = 2) [5] [7], which is a quadratic objective function form, this gives continuity
of root force due to the ability to restrict the vertices of the convex polygon (the set of the experiment).
Tobias Bruckmann et al. [8] introduce Quadratic Programming for determining cable tension solutions
for FC-CDPRs or OC-CDPRs. The quadratic objective function provided a better computation time than
the linear form. Hui Li et al. [9] applied Quadratic Programming to research the problem of tension
solution for the FAST telescope. In another study [10], the author found that a non-linear cost function
can optimize cable tension to save power consumption. Alexis Fortin Cote et al. [11] also use Quadratic
Programming to find tension distribution with the belief of a second optimal solution by adding another
parametric slack variable into the force equilibrium equation, this is likely to solve the tensile
distribution even outside the workspace.

The analysis of the above studies shows that many methods have been developed to calculate the
distribution of cable tension for the over-constraint CDPR. These methods focus on optimizing solutions
according to different goals, such as stress reduction for applications requiring energy savings and safe
tension for convenient control or maximum tension to increase structural rigidity. The Linear
Programming method gives discontinuous results according to the joint trajectory, while the Quadratic
Programming Methods methods result in continuous cable tensions according to the motion trajectory
and can be adjusted for optimal conditions. Given the inertia and low mass of the cables, these
mechanisms have the disadvantage that they can only support traction, which increases the complexity
of calculating the tension distribution for a given position of the End-Effector (E-E). Besides, the cable
factor also affects the direction limit of E-E, which also creates difficulties because we have to eliminate
the impossible sequences of direct operation on E-E at E-E at each position in the robot workspace. To
find the position of E-E, the kinematics problem must be solved. This article focuses on in-depth
research on the algorithm for cable tension distribution of the Over constraint planar CDPR type. Based
on the studies on tension distribution [3-11], we will design and analyze the Quadratic Programming
algorithm and simulate each position of E-E to evaluate and comment on the accuracy of the properties
of the cable tension. At the same time, this article also analyzes an important part of the kinematics for
this type of robot, including forward and inverse kinematics. The limiting orientation factor will also be
presented in detail in this article.

2. Inverse — Forward kinematic for planar overconstrained CDPR
2.1. Inverse kinematic

Ymax
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Figure 1. Kinematic analysis

The inverse kinematic of the robot is aim to find out the joint's values when the position's values and
direction of E-E are known. This problem involves a crucial role in controlling the E-E position. With
CDPR, inverse kinematics is generally solved by using the static geometry method from the sketch of
the robot. In this paper, inverse kinematics will be resolved in detail by using the geometry solution
shown in Figure 1. Due to the restriction of robot DOF, the Oz axis is acceptable to be relaxed inside
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each formula. The origin is at point O, and applying geometric knowledge we can deduce the general
formula to calculate the length of each cable:

rllz = Xi +(ymax - yA)2

I22 = (Xmax _XB)2 +(ymax - yB)2

I = (X =% )* + %5

M)

I3 =X5+ Yo
For solving the (1) using parameter @ and coordinate of G (X5, Y ) which is the E-E position, we
have to find the relation between points A(X,, Y), B(Xg, ¥s), C(X:, Yc), D(Xp,Yp) and pose 8,

X5 Yo
Finally, the set of equations that express inverse kinematic:

12 = (X — s €0S(0 = @))? + (Y — Yo + s SIN(O — @) )’

17 = (Xpax — X5 — l5s €OS(O + @))? + (Yimax — Yo — lss sin(¢9+a))2 2)

15 = (Xpax — X5 —lss COS(0 — @))* + (Y5 + I SIN(0 — 2))?

17 = (Xg — lsg €OS(O + @))% + (Vg — I SIN(O + @))?

2 2
l, s +lg
where ¢ =arctan(-%) and ., = —=——
I 2
2.2. Forward kinematic
Forward kinematics is the process of calculating the position and orientation of the E-E knowing all

the matching joint’s variables, namely the lengths of the cables for the configuration of the CDPR type
[12].

To calculate the position and orientation of E-E from the set of matching joint’s values, for the
method proposed in this article, we need to deduce from the system of inverse kinematics equations,
based on the existing system of inverse kinematic equation (2), we will obtain a new system of equations
that satisfies the requirements of forward kinematics.

Using the set of inverse kinematic equations (2), we can solve the forward kinematics. After
withdrawing &, X and Y, , which are a set of parameters defining the position and orientation of E-E,
from equations (2), we can deduce the new set of equations. (Notably, sometimes a symbol of Sin(x)

and Cos(x) will be shortas S, and C,)

After solving, a set of forward kinematic equations can be expressed as

S J— —
6=atan—2—;x, =22,y - T"% ®)

\J1-s,° O3 O
2 2 2 2
L°+1° = (1,7 +1,%)
_4|56 (Xmaxsa - ymaxca)
The values of these are expressed as

where s, = . Thesymbols o, 0,, 0,, 0,, 05 and o are used as substitutes.
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2 2 2 2
o =" =" + X0 = Yo — 2Xmax|56C(97a) - 2ymax|565(9—a))(_2ymax + 4'565(9+a))
2 2 2 2
O, = (_zymax _4|568(97a))(|2 - I4 “Xnax — Ymax T 2ymax|565(9+a) + 2Xmax|560(9+a))
03 = (2Xiax = Hs6Co-0y ) (=2 Ymax + HssS(0.10y) = (2 Yimax = AseS(0-0) ) (AssCio.10) = 2Ximax)

2 2 2 2
O, = (2Xmax _4|56C(970{))(|2 - I4 “Xmax — Ymax T 2ymax|563(9+zx) + 2Xmax|56c(9+a))

2 2 2 2
Oy = (4|560(9+zx) = 2% ) =L+ X" = Vi — 2Xmax|560(97a) - 2ymax|565(97a))

0-6 = (2Xmax - 4'56C(€—a))(_2 ymax + 4'565(9+a)) - (_2 ymax - 4'565(9—a))(4|56C(9+a) - 2Xmax)
3. Limitation for the orientation of end-effector

At each position of E-E, the angle @ will pose different minimum and maximum limitation values.
These limit values will never be fixed during the E-E movement in the robot's workspace. When
examining in the simulation all the positions that the robot can reach, we can illustrate the concept of
orientation limitation.

The limiting angle @ is calculated when we examine each cable length or each joint’s value of the
robot during operation. Each cable exists y, which is the angle that was formed in Figure 2. For this

robot’s configuration, it will consist of 4 angles » (knownas y,, 7,, 75 and y,). We can assume that

the angle @ limitation appeared when y reach 180°. &, . can be considered as maxima limitation

lim
angle or minima limitation angle or none of them. For this assumption, calculation 8, required some
comparisons to choose angles 6, to set & as maxima (8., ) and minima (6,;, ).

With a random position of E-E on the workspace of the robot, based on this theory, there will be four
angles 0, ( Gin1s Gima s Gimsand 6, ) for this robot’s configuration.

iml1’

Yimax

0 X Xmax 0 Xg Xmax

Case J/; equal to 180° Case Y, equal to 180°

Figure 2. Rotational limitation

From the above pose, examples are shown in Figure 2, there are four cases where respectively angles
¥ equal to 180°. For each case, we can be obtained a formula for the rotational limitations as

O = & = tanilw;enmz —tant Yme " Yo _
- N @
Oims = _tanily—e;enm = tanfly—G—a
Xnax ~ Xa X5

Maxima and minima rotational angles @ that E-E can be created by choosing the values which have

been compared of 6,.,, G», Gimsand 6,4 - By eliminating the maximum and minimum values of
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this set, select two values 6, that remain to setas@, ., and 6, .. . Therefore, at each position of E-E,
the value @ after calculation must satisfy the condition.

0 €[0rin: Ornax ] ©)
The comparison between all 6, . values will always change during operation. Due to this calculation,
verification, and selection of the limitations & should depend on the position of E-E.
4. Cable tension distribution algorithm
4.1. Problem in cable tension distribution

Forces act on the E-E shown in Figure 3. The problem of cable tension distribution is to determine
the value T; with i = 1, 2, 3, 4 corresponding to the number of cables. The net of forces created by the
tension of each cable can be described in the following form.

At=w, (6)
u, u, u, u,

where AeR¥* is the structure matrix A =
d,xu, d,xu, d,xu, d,xu,

} , the vector

r:[T1 T, T, T4]TeR4Xl contains values of the tension force of all cables, and

w, = [F n]T e R*!is the matrix which describes the net force created by the tension force of all

cables affect to E-E at point G, F = [FX Fy]T e R?? is external force, and 7 = M, € R* is the

momentum about Oz direction. From this robot’s configuration, cables could only cause the tensile force
which leads to the vector 7 as a non-negative vector.

N

Note that the vector U; in Figure 3 is the unit vector of cable | presented [uix uin e R?** and the

e T
vector di is the relative position vector from G to A can be presented as [dlx d}’] e R%*. Equation

(6) is more detail presented as:

X X

u; uy
uy uj u; uj

XY Yy X XY Y X X1y Yy X XY Y X
diu/ +dju; —dju; +dju;, —djuj—dju; dju;—dju,

FX

_ 7
F, )
MZ

J>~_| m_| I\)_| »a_'

Figure 3. Force analysis
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The tension force of each cable will be limited by two values of minimum tension force 7 € R

and maximum 7 € RM, these binding conditions can be expressed as:
0,<z<7<T (8)

where 0, € R** is a vector with the value 0.

The problem posed in this paper is to determine how the tension forces of each cable are distributed
but still satisfy both (8) and (7).

For this problem, a solution proposed is to select some constraints that can be relaxed. Specifically,
for the constraint on the tension limit (8), we can hardly interfere as this shall not be violated to make
sure all tensile forces are always positive. But the constraint on the balance of external force (6) is
relaxable. A matrix containing the slack variables is proposed to interfere with this constraint, then
equation (6) converts to

At+s=w, 9)

where S = [S1 S, 83] e R*" is the matrix containing the slack variables S, S, and S, to be added.

To ensure the constraint at (9) is always satisfied, it is necessary to calculate to optimize the values s
in the objective function of the optimization problem. Based on available tension distribution algorithms,
the problem of Linear Programming and Quadratic Programming is the most suitable and adaptive
model to solve this problem.

4.2. Quadratic programming — cable tension distribution algorithm

A basic Quadratic Programming problem is proposed and applied to solve the problem of cable
tension distribution for the Planar-CDPR robot. There have been many studies and experiments to
compare the efficiency between linear programming and quadratic programming for this problem [13-
15]. The calculation results of quadratic programming are preferred because of ensuring the continuity
of the whole system. The optimal equation containing slack variables and cable tension distribution
guantities has the following form.

Minimize: sS'"Ds+(r—7") ' D,(r —7") (10)

Subjectto: At+s=w, and 0, <z <7<7T

q 0 0 d, O 0 0
11
Where D,={0 d, 0| D,= 8 d(;z d0 8 ’T*:[T* T T T*:IT
0 0 dj 2

0 0 0 d,
With D, e R*® and D, € R** are weight matrices, which were expressed in the form of diagonal

matrices (d,,, d,,, d,5, d,;, d,,, d,, and d,, are weight values). Vector T € R** contains the

target values for tension force T, this value decides the high or low level of tension distribution for
each cable.

By selecting T < T, the desired tension force with minimum stiffness and power is reached. By
. « T+T ) ) . . . . . .
selecting T = —T the ideal tension force with relative stiffness and power is obtained. Selecting

T* > T , the solution will lead to the highest tension distribution as well the highest stiffness.

The magnitude of every value D, should be chosen higher than values in D, . For each time
compute the optimal distribution force, we will able to determine values of slack variables, the aim that
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they will asymptote to zero. However, we can easily set those slack variables by selecting suitable weight
matrices D1 and D , . The final quadratic optimization problem can be expressed as:

T,-T|[d, 0 0 o]T-T

JTT]] 0 de 0 0)T-T 1)
T,-T'||0 0 dy 0|T,-T
T4—T* 0 0 0 d, T4—T*

From this quadratic programming equation, we will expand and transform it into a general form, by
following the steps. First, assume that

T

1 dll 0 0 Sl
0 d, O0]s,
3 0 0 djlls;

—h
Il
w »n »
N

X=[X, X, X3 X, Xg Xg X XB]T:[Sl s, s; T, T, T, T, 1]T

Finally, the general quadratic optimization form can be written as.
. - 9T

d, 0 O O O O 0 O 0
0O d, 0 0 O O O O 0
o 0 d, 0 O O O O 0
£ oooxT| 0 0 0 dy 0 0 0 0 2T (12)
o o o O d, 0 0 O —2T
O 0 0 O 0 d, 0 O 2T
o o 0 O O 0 d, O 27"
0 0 0 0O 0 O 412 | 0 |
Subject to
1.0 0 Th ul ux Th 0] F
010 uy uj uy uy 0 X F,+P 13)
0 0 1 diu/+dfuf diuf+dfuf —djuj-dju; dyu;—dju, O M,
000 0 0 0 0 1 1
And
0 00 -1 0 0 0 O] 1]
000 0 -1 0 0 O -7
000 0O O -1 0 O -7
0000 0 0 10 |-z (14)
000 1 0 O 0O T
000 0O 1 0 0O T
000 0 O 1 0O T
000 0 0 0 1 0 |7

5. Offline simulation

Offline simulation is a crucial process that contributes to evaluating the performance of the operations
and concepts in this article. As for the problem of tension distribution, many experiments have been
carried out to verify more precisely. However, this article is only presented in the form of an offline
simulation because it is not eligible to equip the necessary equipment.

To simulate how the Quadratic programming algorithm (12) works, we perform the following steps.
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o Selecting the characteristics of the frame: X, =1(m), Y =1 (M)
o Selecting the characteristics of end-effector: |5 =0.05 (m), |6 =0.2 (m)

e Selecting the limitation of tension force: T, = 20(N), T;; =1 (N)
o Selecting the desired tension parameter in turn at the level of the mechanism reaching:
1. Case with high stiffness: T =T__

. -T
2. Case with moderate stiffness: T = w

3. Case with low stiffness: T =T,
e Selecting the start point of E-E: X;=0.5m, Y5 =0.5m, §=0°
o Assume the external forces that affect E-E with: I:X =0 (N), Fy =0(N), M,=0(Nm)-  (**)

(These parameters will be used to verify the result after the simulation)
e Selecting the mass of E-E platform: m=1 (kg), then P =mg=9.81 N (g =9.81 m/S2 )
e Establish the computational parameters for Quadratic Programming: D,,=10%, D,,=10*, D,
=10%, D, =1, D,,=1, D,;=1, D,, =1
After choosing the necessary parameters for the algorithm, we use the MATLAB support tool to
solve the Quadratic Programming problem, the results are as follows:

The desired inverse kinematics will produce the path of E-E in the form of a helical loop with the
starting point from the center going away (Figure 4). Along with each step of E-E, the cable tension is
also modeled according to Figure 5. In addition, to check the accuracy of the algorithm, we will also
output the values of the external forces (Figure 6) according to the position of E-E. After observation of

the result generated from simulations, the desired tension force 7 €R™ is obtained from the
maximum stiffness solution (Figure 5-a), each cable will create the tension force which tends to reach
the maximum value (20 N). Similar to the case when the desired tension force tend to reach the minimum
stiffness solution (Figure 5-c), cable number 2 and 3 sequentially reach the minimum value (1 N) while
cable number 1 and 2 tend to keep a moderate force. In Figure 5-b, the desired tension force is set at a
medium stiffness level which leads to all cables tending to stand at moderate tension force but also none
of them will reach the maximum or minimum like in previous cases. The result gained from the
simulation is clear and we can confirm that desired values of tension force affect the stiffness of the
mechanism, and also affect the energy consumption and power for the controlling robot. Depending on
the usage purpose, carefully choose the desired tension force to ensure power efficiency.

1r
Position

09}
08
0.7
06

Eos

>
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03+
02}

0.1

0 " L " L L " n
0 0.1 02 03 04 05 06 07 08 09 1

Figure 4. Positional record
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Figure 5. Tensional force record

103

Force Fx (N)
31 Force Fy (N)
Moment Mz (Nm)

Foroe Fx (N)
Force Fy (N)
Moment Mz (Nm)

(N), (Nm)

(N}, (Nm)
b 4 o e n o s oo @ o~

’ )O 200 400 600 800 200 400 600 800 1000 1200 1400 1600 18C

iter

¢. Minimum stiffness

1000 1200 1400 16!

b. Medium stiffness

600 800 1000 1200 1400 1600 18(

a. Maximum stiffness

0 200 400

Figure 6. External wrench record

We can see that during E-E spiral moving (Figure 4) simulated for three cases with different desired
stiffness, all values of external force always fluctuate around value 0 with an extremely small amplitude
(observations can be seen in Figure 6), compared to the initial set value of the external force acting at
(**), it is possible to see that the results are completely different from expectations, the reason is that
the existence of the slack variables shall create this unnecessary fluctuation. In addition, the noise of the
calculation tool has not been taken into account. However, with this extremely small error margin, we
can accept the results, in general, the fluctuation value is not significant, but to draw more accurate
conclusions, it is necessary to verify the deviation of external forces acting in the entire workspace of
the robot.

6. Conclusions

In general, the Quadratic Programming algorithm for calculating the cable tension distribution for
the CDPR form has been specifically analyzed to solve the problem of adjusting the stiffness of the
robot mechanism. The calculation process is successfully simulated on the MATLAB simulation, the
results for the cable tension and the values related to this algorithm are relatively positive, and accurate
based on the analysis theory platform. In the process, the article also presented the analysis process and
specify solutions to the problem of inverse and forward kinematics for the Planar CDPR form, results
were also verified in detail, which is transparent through the above simulation. With this result, it is
possible to apply the tension distribution algorithm by Quadratic Programming to the Spatial Cable
Driven Parallel robot by changing the parameter matrices optimization problem and the structure matrix
in the optimization problem in kinematics. However, there is a disadvantage that the amount of
computation will increase significantly, consuming resources of the control device, this suffering later
can be overcome by upgrading the control device, but in return, the Spatial form will bring much
flexibility, and higher performance than the planar form, and more economic efficiency also. This paper
serves as an essential step forward for our further in-depth studies of other complex issues related to our
Planar CDPR and Spatial CDPR types in the future.
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