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1. Introduction
Unicycle was first introdu

del remained unstable and overly complex. Despite these issues,

it inspire g . Honda created the UX-3 as a personal vehicle, and Murata
Manuf i Viurata Girl. In [3], new dynamic equations were introduced, dividing the
robq per reaction wheel pendulum and the lower inverted pendulum, which were
deCou i h employed intelligent algorithms such as fuzzy logic for each dynamic part,

though h ement led to increased balancing time and adaptability. Dynamic control for roll

linear control for pitching, although there was still some chattering in output, even when a signum
function was implemented to reduce it. A new single-wheel model with active omnidirectional wheels
was introduced, but it also had mechanical limitations [6].

To address the balancing time issues in [3] and the chattering in [4]-[5], we applied a linear controller
to this model. This paper in developed from the kinematic analysis and linear controller design in [10],
providing experimental evaluations that compare with the theoretical framework for the unicycle robot.
A Linear Quadratic Regulator (LQR) was designed for the roll and pitch axes, focusing on finding
suitable values in the matrices. The calibration of these values was incorporated and demonstrated
through experiments, showing that the linear controller is effective for this model. Additionally, the
calibration process was shown to align with the theoretical framework [7]-[8].
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2. Dynamic models

In this section, we examine the operation of the unicycle robot. The model is divided into two
independent bodies for the pitch and roll axes: an inverted pendulum for the pitch axis and a reaction
wheel-balanced inverted pendulum for the roll axis. The dynamic models for the unicycle robot's roll
and pitch axes were derived using the Lagrange method. Figure 1 illustrates the developed unicycle
robot, which consists of three main components: a rotating disk, the robot body, and a rotating wheel,

with their respective masses denoted as My, Mg, m,,

—

I

Figure 1. A basic representation of the unicycle rob Figure 24Model of %unicycle robot for roll axis.
model.

2.1. Dynamic model for the roll axis

Roll axis dynamics are derived from reaction wheel balance inverted pendulum, which consists of
two primary components: a disk and a bod§{fcompound wheel, collectively referred to as the bottom
body. Figure 2 illustrates the robot's a or calculating the dynamic roll. The symbols | and I
represent the distances from ter of the disk and the center of gravity of the bottom
body, respectively. Iy and @, denotéithe disk's raglius and rotation angle, while ¢ signifies the rotation
angle in the roll direction of t
represented as Mg, , Mg, espectlv y. Two position vectors [I;,I, are defined to compute the
Lagrangian for robot; nds from the coordinate origin to center of the disk, and other

(M

2
where a =nKt/R ,f=a+f,

2.2. Dynamic model for the pitch axis

Dynamics of pitch axis are calculated based on an inverted pendulum model, which consists of two
main components: wheel and a compound disk representing body, referred to as the upper body. Fig. 3
illustrates robot's axes used to calculate pitch dynamics. L represents distance from center of the wheel

to center of upper body. R, is radius of wheel, while 8, and @ represent rotational angles of wheel
and pitch axis dynamic model, respectively. m, and Mg, denote masses of wheel and upper body.
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Two position vectors, I}, T,, are defined to calculate Lagrangian for robot, representing vectors from
coordinate origin to center of wheel and center of upper body.

L=Ruf+Ry]

- i = )
r,=(R,¢+L.sin@)i+(R, +L.cosb) ]
From Section 2.2 of [10], we obtain the following formula:
aVp =(Jg, + I +(My, + Mg )R, )8y +(LeMeoRy —3,0° )G+ 86, — O "
—aVp = (LCmBDRW - ‘]mnz)él\l _ﬂ@v +ﬂ‘9— gl—cmsoe"'(‘]w + LCZmBD + Jmnz)é
J A
L7 > 1@
/// : \\\ : Myp,Jg
.\\\ | 0W
\\ | B
# S <l
— My Joy ] y
& |
~ R,6,
Figure 3. Model of unm axis
3. Design of LQR
3.1. LOR for Roll axis
From Section 4.1 of [10],
6))

these , corresponding variable will be more responsive than the others. However,
this ially stabilize system while causing robot losing balance. Therefore, careful
selectio i ial. R represents the priority given to the input Vg

The valu atrices Q, R were chosen as follows:
Q1=350; Q»=10; Q3=100; Q4+=10; R=R:=1 (6)
The optimal gain can be determined [8], [9] as follows:
K :[ -34.9638 -4.0849 -10.0000 -8.1591] (7)

The control input is defined as:

vy =—KX (8)

where XZ[X1 Xy X X5]T=|:¢ ¢ ¢D ¢D]T;e¢:¢_¢ref;e%:¢D_¢Dref
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3.2. LQR for Pitch axis

From Section 4.2 of [10], we obtain matricesQ, R as below:

Q. O o0 o©
|0 Q@ O O | ,
Q= 0 o o ol R =[R;] ©

O O 0 Q

The values of matrices Q, R were chosen as follows:

Q1=350; Q.=10; Q3=100; Q4=10; R=R>=1 (10)
Thence, matrix K is obtained as
K :[48.1396 10.3124 10.0000 10.3962] (11)
The control input is defined as:
v, =—KX ® (12)
T . T i .
where X=X, X Xo X :[QN q, © 9] 1€, Ay — e,=0—0,

4. Experiments
4.1, Standard LQR
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=
= T
3 5
s o g
= =
[=% =
= =
=< =<
-0.5 : d : : ,‘
o 10 20 30 40 50 60 o 10 20 30 40 s0 60
Time (s) Time (s)
. a) b)
Motor Pitch Angle
2 Motor Roll Angle 0.05 g
1
g E
@ -1 =
£ E o
= -2 =
[- 9 =
E 3 £
<< ~ =<
-4
-5 -0.05 : . . : L
o 10 20 30 40 50 60 o 10 20 30 40 50 60
Time (s) Time (s)
c) d)

Figure 4. a) Stable LOR value of Roll axis b) Stable LQR value for Pitch axis ¢) Output result of the disk motor
d) Output result of the wheel motor

Comment: Observing the data, we can easily see that over the 60-second period, both the roll and pitch
angles oscillate around the equilibrium position. The roll motor angle stabilizes at O in the first 20s and
then gently shifts backward. Meanwhile, the pitch motor angle responds well, keeping the robot in the
optimal state.
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4.2. Modify Q,value

4 Roll Angle when change K1

The Pitch Angle when change K1

0.5

-0.5

Amplitude (rad)
Amplitude (rad)

-1.5

Time (s)
a) b)

Motor Roll Angle when change K1

Motor Pitch Angle when change K1

Amplitude (rad)
Amplitude (rad)

c)

nd the pitch angle tilts significantly during the first 10s
5:0.5] rad. Additionally, figures 5 c-d illustrate the roll
eanwhile, the pitch motor angle tilts by 0.4 rad.

ntrol signals for the roll and pitch angles, as well as
gles, oscillate around 0 with a greater amplitude

When Q, decreases, figures
figures 5 c-d indicate the rollgan
compared to the standard alue.

4.3. Modify Q,value

-
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Figure 6. a) Modify Q2 value of Roll axis b) Modify Q2 value for Pitch axis c) Output result of the disk motor
d) Output result of the wheel motor (Black line is K2=0.35; Red line is K2=0.2)
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Comment:

When Q, increases, figures 6 a-b show the roll angle oscillates steadily around the equilibrium

position and the pitch angle oscillates around 0 within the range of [-0.2;0.2] rad. Along with that, figures
6 c-d illustrate the roll motor angle gradually moves backward, meanwhile, the pitch motor angle
stabilizes at 0 for about 5s and then tilts by 0.05 rad.

When Q, decreases, figures 6 a-b prove the roll and pitch angles oscillate around 0 with wider

amplitudes ranging from [-4;4] rad and [-0.2;1] rad, respectively. The figures 6 c-d indicate the roll
motor angle changes continuously, increasing and decreasing once every 10s within the ranges [0;22],
[0;31], [0;23] rad, meanwhile, the pitch motor angle remains stable for the first 20s and then gradually
increases to 0.18 rad at the 30s mark, maintaining that tilt.

4.4. Modify Q,value ‘ \
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Figure 7. a) Modify Q, value 0f

d) Output result eel motor (Black line is K3=0.8; Red line is K3=0.3)
Comment:

When Q, increases, fi a-b indicate the roll angle oscillates steadily around -0.5 rad with an
during the first 10s, then decreases to -1.5 rad over the next 20s, and

e final 20s, meanwhile, the pitch motor angle stabilizes at 0 with a small
 first 25s, then overshoots to 0.12 rad.

15 Roll Angle when change K4 B Pitch Angle when change K4

1

Amplitude (rad)
5 °
4] Q 4]
Amplitude (rad)

[
=

-
“n
66 o000
AN ON MO O

10 20 30
Time (s)

a)

©

JTE, Volume xx, Issue xx, mm/20xx 6


mailto:jte@hcmute.edu.vn

JT E JOURNAL OF TECHNICAL EDUCATION SCIENCE
Ho Chi Minh City University of Technology and Education

HCMUTE Website: https:/jte.edu.vn
ISSN: 2615-9740 Email: jte@hcmute.edu.vn
4 Roll Motor Angle when change K4 Pitch Motor Angle when change K4
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= 5
E" £
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c) d)

d) Output result of the wheel motor (Black line is K4=0.18; Red line is K4=0.1)

Comment:

When increasing Q,, figures 8 a-b show that within the first 10s, the roll anglg osci und the
equilibrium position with an amplitude ranging from [-0.6; 0.6] rad and then an amplitude
of [-1.4; 1.3] rad, simultaneously, the pitch angle oscillates steadily ayo€ . Figures 8 c-d
illustrate the roll motor stabilizes at 0 in the first 5s and then gr@ally st s at}0.5 rad, meanwhile,

the pitch motor remains stable at O for a longer period, arou
rad.

15s, and t

When decreasing Q,, figures 8 a-b show the roll
decreases to -0.5 rad and oscillates around that i
0.4 rad, showing some deviation compared to when

shoots to ad in the first second, then
nally, the pitch angle oscillates around
ed, but it does not significantly affect

the system. The figures 8 c-d prove the roll motor oscillates with a large amplitude but not excessively,
making it difficult for the robot to balance ang the pitch motor decreases to -0.04 rad at the 2s and then
stabilizes around that point.

4.6. Modify Q,value
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Pitch Angle when change K5
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Figure 9. Modify Q5 value of Roll axis b) Modify Q5 value for Pitch axis c) Output result of the disk motor d)
Output result of the wheel motor (Black line is K5=0.9; Red line is K5=0.4)
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Comment:

When increasing Q;, figures 9 a-b show that the roll angle oscillates around the position of -0.25
rad, but between 3-5s, the signal drops to -2.2 rad, simultaneously, during the first 5s, the pitch angle
oscillates significantly around 1 rad with an amplitude of 4 rad, and then the amplitude gradually
decreases in the later stage. Figures 9 c-d illustrate the roll motor oscillates slightly around the O position,
meanwhile, the pitch motor oscillates around -0.01 rad with a relatively small amplitude.

When decreasing Qs , figures 9 a-b indicate the roll angle oscillates around -0.25 rad, but between 2-

5s, the signal overshoots to 0.5 rad, however, the pitch angle oscillates with a large amplitude but not
frequently. The figures 9 c-d prove the roll and pitch motors do not oscillate much, making it difficult
for the system to maintain stable balance.

4.7. Modify Qgvalue
A

Roll Angle when change K6 Pitch Angle when change K6
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Figure 10. Modify Q6 value oll axis b dify Q5 value for Pitch axis c) Output result of the disk motor d)

Output result wheel motor (Black line is K6=1.2; Red line is K6=0.05)

Comment:

10 a-b show that roll angle oscillates around 0 and pitch angle oscillates
arou . YEi d |IIustrate roII motor oscnlates sllghtly around -1.5 rad meanwhile, pitch

equilibrium position with an amplitude that gradually increases over time.

4.8. Modify Q, value

Roll Angle when change K7 Pitch Angle when change K7

o a 4
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-
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Roll Motor Angle when change K7 Pitch Motor Angle when change K7

2

Amplitude (rad)
: °
Amplitude (rad)

c)

Figure 11. Modify Q, value of Roll axis b) Modify Q, value for Pitch axis c) Output result of the disk motor d)
Output result of the wheel motor (Black line is K7=1; Red line is K7=0.3)

Comment:

When increasing Q,, figures 11 a-b show that roll angle oscillates significantly
pitch angle oscillates around -0.5 rad. Figures 11 c-d indicate the roll motor osci
rad, meanwhile, the pitch motor oscillates steadily around -0.5 rad with an am

When decreasing Q. , figures 11 a-b prove the roll and pitch angles osgi round 0.25 rad, but the

pitch angle oscillates with a smaller amplitude compared to theffoll angl gures/d1 c-d prove the roll
motor oscillates slightly around -1 rad. Meanwhile, the pitch or OSei teadily around the
equilibrium position with a relatively small amplitude.

4.9. Modify Qg value

Roll Angle when change K8 Pitch Angle when change K8
0.2
= o = 1.5
g"‘"z g 1
o ¥
< <€ 0.5
-0.6
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Time (s) Time (s)
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-
& Roll Motor Angle when change K8 0.6 Pitch Motor Angle when change K8
___ 6 o 0.4
B B
= & = 0=
= =
< o = o
-2
o 10 20 30 045 10 20 30
/ Time (s) Time (s)
C) d)
Figure 12. i ; value of Roll axis b) Modify Q8 value for Pitch axis c) Output result of the disk motor d)
utput result of the wheel motor (Black line is K8=0.4; Red line is K8=0.05)
Comment:

When increasing Qs, figures 12 a-b show that the roll angle oscillates significantly and tends to
gradually increase at -0.3 rad, while the pitch angle oscillates quite frequently around 1 rad. Figures 12
c-d illustrate the roll motor's oscillation gradually increases from -1.5 rad to 5 rad, meanwhile, the pitch
motor starts from -0.35 rad, gradually reaches the equilibrium position at the 3™ second, and stabilizes.
However, from the 20s, the signal tends to increase gradually to 0.4 rad.

When decreasing Qs, figures 12 a-b prove the roll and pitch angles oscillate around -0.4 rad and 0.4
rad, but the pitch angle oscillates with a smaller amplitude compared to the roll angle. Figures 12 c-d
indicate the roll motor oscillates slightly around 1 rad, meanwhile, the pitch motor oscillates steadily
around 0.2 rad with a very small amplitude.
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4.10. Video clip demonstration

A snapshot of the unicycle robot's operation is presented in Figure 13. The i
from a 50-second video demonstration, which showcases the effectiveness
in managing the stability and movement of the one-wheel mobile rob
evidence that the LQR control strategy successfully maintaif® the ro
capabilities, despite the inherent instability of the unicycle desi

Regarding the mechanical structure of the unicycle
guality Clear Resin V5 (Form 4), known for its exceptional

A snapshot of unicycle 's operation is presente The image captures a moment from a
50-second video demonstration, which showcases the e ess of the LQR control scheme in
managing the stability and movement of the one-wheel mobile robot. Video provides visual evidence
that LQR control strategy successfully maintains robot's balance and navigational capabilities, despite

This paper has contributed a
model of a Unicycle Robot a

ncing robot in Vietnam, providing a mathematical
sic models: the inverted pendulum model and the
he LQR controller is applied to the Unicycle Robot
rs to control the Robot's Pitch and Roll axes, allowing the
esulting in various behaviors when the Q are changed. Thereby, it

by designing two parallel
examination of the ¢

ility to control the Robot's forward/backward movement and direction.
Additio ior of the Robot under changing loads has not been examined.
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