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1. Introduction

Let P, = H*((RP>)¥) denote the modulo-2 cohomology algebra of the direct
product of £ copies of infinite-dimensional real projective space RP>°. This algebra
is isomorphic to the graded polynomial algebra Fy[xq, xa,. .., xx] over the field [y,
where each x; has degree 1. Here the cohomology is taken with coefficients in the
prime field F5 of two elements.

As the cohomology of a group, Py is a module over the mod-2 Steenrod algebra,
A. The action of 4 on Py is determined by the elementary properties of the
Steenrod squares Sq' and the Cartan formula (see Steenrod and Epstein [14]).

A polynomial f in P, is called a hit polynomial if it can be expressed as a finite
sum f = >0 < Sq¢?" (hy) for suitable polynomials h,. That means f belongs to
AT Py, where A' denotes the augmentation ideal in A.

The general linear group GLj acts naturally on P, via matrix substitution.
Since the actions of A and GLj; on P, commute, this induces an action of GLj on
Fo ®4 Pg.

Many authors study the hit problem of determination of a minimal set of gen-
erators for P, as a module over the Steenrod algebra, or equivalently, a basis of
F2® 4 P. This problem was first studied by Peterson [9], Wood [27], Singer [12],
Priddy [11], who showed its relationship to several classical problems in homotopy
theory. Then, this problem was investigated by Nam [8], Silverman [13], Wood [27],
Sum [15, 17, 18], Tin-Sum [20], Tin [24] and others.

For a positive integer n, by p(n) one means the smallest number r for which it
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is possible to write n = >, ., .(2"* — 1), where w; > 0. This result implies a result
of Wood, which originally is a conjecture of Peterson [9].

Theorem 1.1 (Wood [27]). If p(n) > k, then (Fa®@aPk)n = 0.

From the above result of Wood, the hit problem is reduced to the case of degree
n with p(n) < k. For a nonnegative integer d, denote by (P )4 the subspace of P
consisting of all the homogeneous polynomials of degree d in P, and by (Fo6 4 Py )a
the subspace of QP consisting of all the classes represented by the elements in
(Pr)a-

One of the extremely useful tools for computing the hit problem and studying
Singer’s transfer is the Kameko squaring operation

—0 —0
Sq, = (S¢.) (k,a) - (F2@4Pr)2rya — (Fa@4Pr)a,
which is induced by an Fs-linear map ¢y, : P — F. given by

y, ifx=mx120... 29,
or(z) =

0, otherwise,

for any monomial x € P,. The map y; is not an A-homomorphism. However,
0RSq* = Sq'pr and ¢ Sq* ! = 0 for any non-negative integer i.
Theorem 1.2 (Kameko [4]). Let d be a non-negative integer. If u(2d + k) = k,
then 0

(Sq,)(k,a) : F2@APr)2drk — (Fo®aPr)a
is an isomorphism of G Ly-modules.

Thus, the hit problem is reduced to the case of degree n of the form
n=a(2®—1)+ 2%,

where a, b, m are non-negative intergers such that 0 < p(b) < a < k.

Now, the Fy-vector space Fo® 4P, was explicitly calculated by Peterson [9] for
k= 1,2, by Kameko [4] for &k = 3 and by Sum [17] for & = 4. However, for k > 4,
it is still unsolved, even in the case of k = 5 with the help of computers.

For a = k—1 = 4 and b = 0, the vector space (Fo® .4 P5),, is explicitly computed
by Phuc and Sum [10], and by the present author [23] in the case a = k—1 =4, b e
{8:10; 11} with s an arbitrary non-negative integer.

In this paper, we explicitly compute the hit problem for & = 5 and the degree
5(2¢% — 1) + 24.2° with s an arbitrary non-negative integer. Moreover, as a conse-
quence, we get the dimension results for polynomial algebra in some generic degrees
in the case k = 6.

2. Preliminaries

In this section, we recall some needed information from Kameko [4], Singer [12]
and Sum [15], which will be used in the next section.

Notation 2.1. We denote N = {1,2,...,k} and
XJ = X{jl‘jz;--uj.»:} = H Ly, J= {jlan: ces 1js} - Nk:
JENNT

Let a;(a) denote the i-th coefficient in dyadic expansion of a non-negative integer
a. That means a = ag(a)2’ +a1(a)2' + a2 (a)2? +. .., for a;(a) = 0 or 1 with i > 0.
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Let x = z{'z5> ... 27" € Pj. Denote vj(x) =a;,1 < j < k. Set
J(@) = {j € Ni: aulwy(@)) = O},

for t = 0. Then, we have = = [],5, X_IZ:(;»:)'

Definition 2.2. For a monomial x in Py, define two sequences associated with x
by

{""'(T) = (wl(m):MQ(m): con awf(m): . ')1 J(T) = (Vl(m):b’?(x)ﬂ s ,Vk(:li)),

where wi(z) = >, j<p @io1(vi(z)) = deg Xy, ,(x), ¢ = 1. The sequence w(z) is
called the weight vector of .
Let w = (w1,w2,...,wi,...) beasequence of non-negative integers. The sequence

w is called the weight vector if w; = 0 for 7 > 0.

The sets of all the weight vectors and the exponent vectors are given the left
lexicographical order.

For a weight vector w, we define degw = >, 2=1w;. Denote by Py(w) the
subspace of P, spanned by all monomials ¢ such that degy = degw, w(y) < w,
and by P, (w) the subspace of P spanned by all monomials y € Pj(w) such that
w(y) < w.

Definition 2.3. Let w be a weight vector and f, g two polynomials of the same
degree in Pj.

i) f=gifand only if f —g € AT P,. If f = 0 then f is called hit.

ii) f=, gifandonly if f — g€ ATP, + P, (w).

Obviously, the relations = and =, are equivalence ones. Denote by QP (w) the
quotient of P (w) by the equivalence relation =,,. Then, we have

QPy(w) = Pu(w)/((AT P N Pr(w)) + Py (w)).

For a polynomial f € Pj, we denote by [f] the class in Q Py represented by f. If w
is a weight vector, then denote by [f]. the class represented by f. Denote by |S]|
the cardinal of a set S.

Definition 2.4. Let z,y be monomials of the same degree in P,. We say that
r < y if and only if one of the following holds:

1) w(z) <w(y);

il) w(z) = w(y) and o(z) < o(y).

Definition 2.5. A monomial z is said to be inadmissible if there exist monomials

Y1,Y2, - - - Ym such that y, <z fort =1,2,...,m and = — Z?;l Yy € AT Py.
A monomial # is said to be admissible if it is not inadmissible.

Obviously, the set of all the admissible monomials of degree n in P}, is a minimal
set of A-generators for P in degree n.

Definition 2.6. Let u be a monomial in P,,. We say u is strictly inadmissible
if there exist monomials vy, vs,..., v, such that v; < u, for j = 1,2,...,m and

w=73""" v+ 212:;1 Sq'(f;) with s = max{k : w(u) > 0}, fi € P,.

Observe that if u is strictly inadmissible monomial, then it is inadmissible mono-
mial, as defined by the definitions 2.5, and 2.6. In general, the inverse is not true.
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Theorem 2.7 (Kameko [4], Sum [17]). Let u,v,w be monomials in P, such that
wi(u) =0 fort >k >0, w.(w) #0 and wy(w) =0 fort >r > 0. Then,

2k
2"

is inadmissible if w is inadmissible.
is strictly inadmissible if w is strictly inadmissible.

(i) ww
(ii) wv

Definition 2.8. Let z = :L’fl 3:‘2"'2 ...z in P,. The monomial z is called a spike if
dj = 2% — 1 for tj a non-negative integer and j = 1,2,...,n. Moreover, z is called
the minimal spike, if it is a spike such that ¢, > t;, > ... > ¢, > ¢, >0andt; =0
for j > 7.

The following is a Singer’s criterion on the hit monomials in P,,.

Theorem 2.9 (Singer [12]). Assume that z is the minimal spike of degree d in
Prn, and u € (Pn)a satisfying the condition u(d) < n. If w(u) < w(z), then u is hit.

Now, we recall some notations and definitions in [17], which will be used in the
next sections. We set
0 ay .o ay . .
Pl ={x=2x{"25*. .. 27" : aray...a, =0}),
Pt ={z=a{"25. .. 2" : ajas...ap > 0}).

It is easy to see that P,? and P,QL are the A-submodules of P. Furthermore, we
have the following.

Proposition 2.10. We have a direct summand decomposition of the Fo-vector
spaces Fo@ AP, = QPY ® QP Here QP) =TFy @4 P and QP =Fy @4 Py .

Definition 2.11. For any 1 < ¢ < k, define the homomorphism f; : P,_1 — Pj, of
algebras by substituting

T, ifl1<y<
fila;)=1" e
rjy1, ifi<j<

Then, f; is a homomorphism of A-modules.
For a subset B C Py, we denote [B] = {[f] : f € B}. Obviously, we have

Proposition 2.12. [t is easy to see that if B is a minimal set of generators for
A-module P in degree n, then f(B) = Ule fi(B) is a minimal set of generators
for A-module P}g in degree n.

From now on, we denote by By(n) the set of all admissible monomials of degree
n in P, BY(n) = Br(n) N P?, B, (n) = Br(n) N P;". For a weight vector w of
degree n, we set Br(w) = Bi(n) N Py(w), By (w) = By (n) N Pi(w).

Then, [By(w)]. and [B;" (w)].,, are respectively the basses of the Fa-vector spaces
QP (w) and QP (w) := QP (w) NQP; .

3. The Main Results

We first recall a result in [20] the following: Let d be an arbitrary non-negative
integer. Set
t(k,d) = max{0,k — a(d+ k) — {(d + k)},
where ((n) the greatest integer u such that n is divisible by 2*, that means n =
2¢(")m, with m an odd integer.
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Theorem 3.1 (Tin-Sum [20]). Let d be an arbitrary non-negative integer. Then

(%S)S_t D (Fo @4 Pr)res—1)4+2:a — (F2 @4 Pr)keat—1)42td
is an isomorphism of G Ly-modules for every s =t if and only if t = t(k.d).
It is easy to check that for k = 5 and d = 53 then
t(k,d) = max{0,k —a(d+ k) — {(d+ k)} = 0.

Using the above theorem, we get (Fo ®4 Ps)5(2t—1)42t53 = (Fo ®4 Ps5)5(20_-1)42053
for all ¢ = 0. Therefore, we need only to study (Fs ®.4 Ps)s(2s _1)424.2: for s = 0; 1.

The case s=0. Denote by wy = (4,4,3), wp) = (4,4,1,1), wy = (4,2,2,1),
and wiy) = (4,2,4). We give a direct summand decomposition of the Fs-vector
spaces (Fa @4 Ps)s5(20 1)424.20 as follows:

Theorem 3.2. We have a direct summand decomposition of the Fy-vector spaces
(F2 ®a4 Ps5)2a = (QP3)24 ® QP5 (w(1y) © QP (wz)) ® QP5 (wz) © QP5 (w(a))-

Proof. By Proposition 2.10, it suffices to show that (QP5 )2s = 692;:1 QP (W(ay)-
Observe that z = 3:%5:13;3:3:134 is the minimal spike of degree twenty-four in Ps, with
w(z) = (4,2,2,1). Assume that u is an admissible monomial of degree twenty-four
in P;". Using Theorem 2.9, we obtain w; (u) > w;(z) = 4. Since the degree of u is
even, one gets wy(u) = 4. Hence, u = X{j}v2, with v an admissible monomial of
degree ten in Ps, and 1 < 7 < 5. Using the result in Tin [21], one has w(v) = (4, 3)
or w(v) = (4,1,1), or w(v) = (2,2,1) or w(v) = (2,4). Therefore, w(u) = w4 for
all d = 1,2, 3,4. Hence, it shows that

(QP5 )21 = QP5 (w()) & QP5 (w2)) @ QP5 (W) © QP5 (way)-
The theorem is proved. [
Recall that (Fy® 4P4)10 is an Fy-vector space of dimension 70 with a basis con-
sisting of all the classes represented by the monomials w;, 1 < j < 70 . Conse-
quently, |B4(10)| = 70, (see Sum [17]).
Since p(24) = 4, Theorem 1.2 implies that the squaring operation
—0
Sq, : (F2®4Ps)2a — (Fa®aPy)10

is an isomorphism of G L -module. Hence, |B4(24)| = |B4(10)| = 70, and therefore
the set

[Ba(24)] = {[¢a(w;)] : w; € B4(10)}

is a basis of the Fy-vector space (Fa® 4P))24. Where ¢4(u) = z1707374U>.
Using Proposition 2.12, we obtain

[Bg(24)] = {[Gt] S U fi(Ba(24)),1 <t < 350}

i=1

is a basis of the Fa-vector space (QPY)24. Consequently,

dim(QPY)z21 = | | £i(B4(21))] = 350.
=1
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Remark 3.3. We recall a result in Mothebe-Kaelo-Ramatebele [7] as follows.

Set My ={J = (J1.J2,---.4r) 11 < j1 < ... <jr <k}, 1 <r < k. For
J € Mk, define the homomorphism f; : P, — P, of algebras by substituting
fr(zy) = x;, with 1 <¢ < r. Then, f; is a monomorphism of .4-modules. We have
a direct summand decomposition of the Fa-vector subspaces:

QP = P P @ @),

1<r<k—1 JeM i r

where, Qf7(P") = F2 @ f4(FF).
In degree n, we have dim(Q f;(P;")), = dim(QP;"),, and [M | = (i) Hence,
combining with Theorem 1.1 we get

dmQP)), = Y () dim(QP),.
pn)<r<k—1
And therefore, using the results in Sum [17], one gets dim(QPY )24 = 350.

Next, we explicitly determine the Fsy-vector spaces QP;F(w(d)), 1 <d< 4, by
showing an admissible monomial basis of Ps(wg)) for d € {1,2,3,4}. Specifically,
we obtain the following result:

Theorem 3.4.

75, if d—=1,

_ 145, if d=2.
dim(QPs(wa))) = 300, if d—3
1,  if d=4.

Proof. Consider the weight vector w = w4) = (4,2.4). Suppose x is an admissible
monomial in P5 such that w(z) = (4,2,4), then =z = X;y*, where y € B5(10), and
1 <7 <5, We set

Dl = {zmw;mxey® w(y) = (2,4), 1<i<j<k<¢<5} N P

It is easy to see that span{Ds} = P; (w)), and if u € D! then u = “rr‘:r'g'rkzrg:r
or u = rzx}}:kr{r ,Or U = frr*;r'rrf;rgr Here (7, 7,k, ¢, m) is an arbitrary permu-
tation of (1,2, 3,4, o), and 7 < k_,ﬁ_ m.

By means of direct computation using the Cartan formula, we have established
that only the monomial xjx5x32z52¢ is admissible, whereas the others in D! are
inadmissible. Moreover, the set {[z3z3z3x32%]} is linearly independent in QPs.
Hence, the set {[z} “1:2“1:;,3‘4%]} is a basis of the Fo-vector space QP5 (w(4)). That
means, dimQP; (w)) = 1.

The proofs for the remaining weight vectors in the above theorem follow a
similar approach, explicitly determining all admissible monomials of Ps(w(d)) for
d € {1,2,3}. Tt is worth noting that the calculations in this proof are lengthy and
highly technical. Readers seeking more details about these admissible monomials

may contact the authors of this article via email. ]

From the above results, we get the corollary following.

Corollary 3.5. There exist exactly 961 admissible monomzials of degree twenty-four
in Ps. Consequently, dim(Fa & 4 Ps)a4 = 961.
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—0
The case s=1. Since Kameko’s homomorphism (Sq. )5 24) is an epimorphism,
we have

~ —";——‘0' —0
(F2 ®a Ps)s3 = Ker(5q, ) (5,.24) @Im(Sq*)(s,u)-

Therefore, we immediately have the following result, which is a consequence of
Corollary 3.5.

—0
Theorem 3.6. Im(Sq. )5 24) is isomorphic to a subspace of (F2® 4 Ps)s3 generated

by all the classes represented by the admissible monomials of the form x1xa ... xsu?,

—0
for every u € Bs(24). Consequently, dim(Im(Sq,)s.24)) = 961.

—0
Next, we explicitly determine Ker(S5¢, )5 24) by giving a direct summand decom-
position of the Fs-vector spaces as follows.

Theorem 3.7. We have a direct summand decomposition of the Fay-vector spaces
—0
KET(SQ*)(FJ,Qil) = (QPS[)}){")’; & Q-Rr;’_(g-'ga 3: 21 1)

Proof. Suppose that u is an admissible monomial of degree fifty-three in P5 such
that [u] is in Ker(gﬂqi)(ﬁ_‘%). Observe that w = x3'21°z% is the minimal spike of
degree fifty-three in Ps, with w(w) = (3,3,3,2,1). Using Theorem 2.9, we obtain
wi(u) = wy(w) = 3. Since the degree of u is odd, one gets either wy(3) = 3, or
wy(u) = 5.

If wi(u) = 5 then u = Xyv?, where v is a monomial of degree twenty-four in Ps.
Since w is admissible, Theorem 2.7 implies that v is also admissible, and [v] # 0.

—0
Hence, [v] = (5¢,)(5,24)([u]) # 0, which contradicts the fact that [z]| belongs to
—0
KCY(SQ*)(5,24)-

Hence, wi(u) = 3 then u = Xy, j3v?, where v is an admissible monomial of
degree twenty-five in P5, and 1 < i < j < 5. Using the result in Sumn [18], one has
w(v) =(3,3,2,1).

—0

So, w(u) = (3,3,3,2,1). And therefore, Ker(Sq, )(5.24) = (QPY)53 & QP5 (w(u)).

The theorem is proved. O

Remark 3.8. From the result in [7] we have

-
dm(QP)ss = 3 () dim(QP; )ss.
p(s3)<r<a N\
Since p(53) = 3, dim(QP; )53 = 8 (see Kameko [4]) and dim(QP; )53 = 88 (see
Sum [17]), one gets

[

dim(QPY)s3 = (;)-dim(QR?L)ss + (

5

4) .dim(QP; )53 = 520.

And therefore the set {[b;] : b; € U,?Zl fi(Ba(53)),1 < t < 520} is a basis of the
F,-vector space (QPY)ss3.

We denote by M?(n) = {[U?:lrfd_lfa(:r)] cx € Br_1(n— 2%+ 1)} and set
M = span{[u| : u € UZ:1 M%(53) and w(u) = (3,3,3,2,1)}. Hence, one gets the
theorem following.
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Theorem 3.9. The following statements are true:
i) M is the Fy-vector subspaces of QPZ (&), where @ = (3,3,3,2,1).
ii) Assume that QPs" (@) = M & N. Then, dim(M) = 389, and dim(N) = 851.

Proof. The proof of Part (i) of the above theorem is straightforward. Next, we
prove Part (ii) of the theorem. Using the same arguments as in the proof of the
previous theorem, we determine QP; (@) by explicitly identifying all admissible
monomials in P,)Jr (@). However, providing a complete admissible monomial basis for
these subspaces would be excessively long and computationally complex. Readers
seeking more details about these admissible monomials may contact the authors via
email. The following is a sketch of the proof, assisted by computer computations:
Using the results in Sum [17], one has

(70, if d=1,
155, if d=2,
|B4(53 — 29 +1)| = { 164, if d=3,
192, if d =4,
(116, if d=5.

An easy computation shows that

U U a2 fi(Ba(53 — 27 + 1)) | = 389.

d=1i=1
We will denote by DZ(@) the set of classes represented by the admissible monomials
of the vector space QP:" (@) \ M. Consider the set

B (@) :={Xyp°:p€Bs(25),1<i<j<5} N P.
Using Theorem 2.7, it shows that if v is an admissible monomial of degree 53 in
—0
P4 such that [u] does not belong to Im(Sq*)( 240 then v € B (@).
By observing that each monomial z]'z5225%z %225 corresponds to a series of
numbers of the type (a;;aq;as;as;as), we set up an algorithm implemented in
Microsoft Excel software to eliminate the inadmissible monomials in B (). By

direct calculations, using Theorem 2.7, one gets |BZ (@)| = 1240. And therefore, we
obtain dim(N) = |D2(@)| = 851. The theorem has been established. I

Considering the homomorphism ¥ 1 Ps — P5 is an [Fy-homomorphism deter-
mined by ¥(u) = Hj_l zju?, for u € Ps. Using the Theorem 3.1, we obtain the
following result:

Corollary 3.10. The set {[:r'] xeqps! (Br (53) )} is a basis of the Fo-vector space
(QPs)5(2:—1)+24.2= for any s > 0. Consequently, dim(Fa ® 4 P5)5(2: _1)+24.2s = 2201,
for ea,ch s > 1.

It is well known that after explicitly determining QP;, Sum [17] derived an
inductive formula in terms of n for the dimension of the vector space (QF,)q,
where d represents a general degree (see Theorem 1.3, in Nguyen Sum [Adv. Math.
274 (2015) 432-489]). Since p(53) = 3 = (53 + p(53)), using the result in Sum
[17], one obtains

|Bg(5(2% — 1) +2“53)| = (2° — 1)|B5(53)|, for any integer u = k — 1 = 5.
We obtain the following.
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Corollary 3.11. There exist exactly 138663 admissible monomials of degree my =
5(2" — 1) + 53.2" in Pg, for any w > 4. Consequently, dim(Fs @ 4 FPg)m, = 138663.

On the other hand, we also see that |B5(25)| = 1240 (see [18]) and |B5(19)| = 905
(see [21]). Since pu(25) = 3 = (25 + 1(25)), using the result in Sum [17], one gets

|Bg(5(2Y — 1) + 2Y25)| = (2° — 1)|B5(25)|, for any integer v = k — 1 = 5.
So, we obtain the corollary following.

Corollary 3.12. There exist exactly 78120 admissible monomials of degree my, =
5(2v — 1) +25.2Y in Py, for any v > 4. Consequently, dim(Fy ®4 Ps)pm, = 78120.

Similarly, it is easy to check that ©(19) = 3 = a(u(19) 4+ 19), using the result in
Sum [17] we get the following.

Corollary 3.13. There exist exactly 57015 admissible monomials of degree mo =
5(2" — 1) +19.2" in Pg, for any r = 5. Consequently, dim(Fa ® 4 Pg)m, = 57015.

Remark 3.14. One of the major applications of hit problem is in studying a
homomorphism introduced by Singer. In [12], Singer defined the algebraic transfer,
which is a homomorphism

or : Torp o pa(F2, Fa) — (Fa®@ 4 Py) 5

from the homology of the Steenrod algebra to the subspace of (Fo® 4 Py )4 consisting
of all the G Lj-invariant classes. It is a useful tool in describing the homology
groups of the Steenrod algebra, Torﬁk+d(lﬁ‘2, F5). The hit problem and the algebraic
transfer have been studied by many authors (see Boardman [1], Nam [8], Phuc and
Sum [10], Sum [15, 16, 17], Sum and Tin [19] and others).

Singer showed in [12] that ¢}, is an isomorphism for k = 1,2. Boardman showed
in [1] that ¢z is also an isomorphism. However, for any k& > 4, ¢y, is not a monomor-
phism in infinitely many degrees (see Singer [12], Hung [3].) Singer made the fol-
lowing conjecture.

Conjecture 3.15 (Singer [12]). The algebraic transfer ¢y is an epimorphism for
any k = 0.

The conjecture is true for & < 3. However, for & > 3, it is still open. We hope
that the conjecture is also true in this case. We make the following conjecture on
Singer’s conjecture for the algebraic transfer in the case k = 5 and at the above
degrees.

Conjecture 3.16. Singer’s conjecture is true for k =5 and the degree 5(2° — 1) +
24.2% with s an arbitrary non-negative integer.
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