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Eringen’s elasticity theory;

1. Introduction

A lot of study has focused on the mechanical properties of common cellular structures such foams,
lattices, and honeycombs [1]. Triply periodic minimum surfaces (TPMS) are distinguished from other
types by their smooth, continuous forms that can be generated through mathematical formulae.
Primitive, Gyroid, and I-WP are examples of typical TPMS types that can be constructed using implicit
functions [2]. Thanks to additive printing, these complex shapes can now be produced precisely,
allowing scientists to carefully study how they deform and absorb energy. Recent studies have used both
models and experiments to examine the mechanical behavior of 3D-printed TPMS structures [3].
Different types of FG-TPMS structures have been created in recent findings to improve the mechanical
characteristics of TPMS structures. These structures include gradient volume content [4,5] and
hybridization of several unit cell geometries. Gradient-based Primitive and Gyroid configurations have
been created by introducing z-dependent terms into the mathematical formulations of TPMS, resulting
in functionally graded (FG) structures [6]. It has been demonstrated that these FG structures, which are
graded precisely along the build (z) direction, perform better in terms of energy absorption capacity
than their uniform counterparts. A hybrid deformation mode that combines behavior dominated by both
stretching and bending has been observed in a variety of FG-TPMS architectures that have been
investigated [7].
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TPMS, also known as crystal structures, are distinguished by their fundamental property of minimal
surfaces, non-self-intersecting geometries that effectively reduce stress concentration. This unique
characteristic makes these complex porous structures highly advantageous, offering exceptional
strength-to-weight ratios and versatile manufacturing potential, which underpin their wide range of
practical applications. Maskery et al. [8] examined the mechanical response of these TPMS structures
under compressive loading through experimental tests and finite element analysis (FEA). Sychov and
his team [9] the mechanical behavior of four different TPMS configurations: Shwartz Diamond, D-
prime surface, Neovius surface, and Gyroid, utilizing experimental methodologies. In a different study,
Kurup and Pitchaimani [10] introduced the linear aeroelastic flutter analysis of TPMS Euler-Bernoulli
beams with four TPMS morphologies: Primitive, Gyroid, Diamond, and I-graph—along with the
wrapped package-graph (IWP). Simsek et al. [11] utilized both finite element analysis and experimental
approaches to investigate the modal behavior of additively manufactured TPMS beam structures,
emphasizing Diamond, Gyroid, IWP, and Primitive unit cells.

The synergistic application of minimal surface architecture and functional material gradation has
significantly contributed to the advancement of functionally graded triply periodic minimal surface (FG-
TPMS) structures. These have emerged as versatile solutions applicable across diverse fields such as
biomechanics, advanced engineering, and materials science. Viet and his team [12], using Euler beam
theory and finite element analysis (FEA), introduced the buckling behavior and vibrational properties
in FG-TPMS beam configurations, incorporating IWP, Gyroid, Diamond, and Primitive unit cells. In a
similar vein, Ejeh et al. [13] explored the influence of relative density gradation and lattice hybridization
on the specific flexural properties of four-point loaded beams made from sheet-based TPMS cellular
structures. Afshar and his team [14] investigated the deformation mechanisms of TPMS structures with
graded porosities, emphasizing the enhanced mechanical properties of structures predominantly
characterized by stretching compared to those defined by bending. Moreover, Ma et al. [15] conducted
an assessment of the biological and mechanical properties of graded porous scaffolds through the
application of sophisticated, Gyroid, Diamond TPMS designs, IWP, and Primitive. Nguyen-Xuan et al.
[16] introduced a novel modeling strategy for FG-TPMS plates, which included a unified framework
for Gyroid, Primitive, and IWP forms. Their approach was based on a dual-phase density function
designed to predict effective material parameters. Building on this work, Nguyen et al. [17] applied the
same model to analyze FG-TPMS microplates, employing the modified couple stress theory and
isogeometric approach.

Numerous theoretical frameworks have been developed to better understand nanostructures
materials. These include Mindlin’s strain gradient theories (first- and second-order), couple stress
theory, modified couple stress theory, and elasticity-based formulations such as Eringen’s nonlocal
elasticity theory. Key studies employing Eringen's nonlocal theory include Ebrahimi and Salari [18],
who investigated the thermo-electrical coupling and buckling properties of FG piezoelectric
Timoshenko nanobeams using Navier-type solutions and Eringen’s elasticity theory; Zenkour and
Aljadani [19], who analyzed the thermo-electrical buckling of FG piezoelectric nanoplates using refined
hyperbolic higher-order shear deformation theory (HSDT) in conjunction with Eringen’s nonlocal
theory; and Daneshmehr et al. [20], who explored a size-dependent functionally graded nanoplate.
However, despite these advancements, applying the moving Kriging meshfree method to FG-TPMS
nanostructures, utilizing nonlocal elasticity theory, remains limited in several areas of research.

This study seeks to explore the free vibration behaviors of FG-TPMS nanoplates through a hybrid
numerical approach, combining HSDT and Eringen’s nonlocal elasticity model. To accurately capture
higher-order derivatives of approximate variables in weak formulations, it is essential to employ a
numerical method that preserves the higher-order continuity of basic functions. To fulfill the
requirements of modeling TPMS (Triply Periodic Minimal Surface) nanostructures, this study employs
the moving Kriging (MK) meshfree method. The application of MK to TPMS materials represents a
novel and original contribution to the field. Owing to the higher-order continuity inherent in MK
interpolation functions, the proposed framework is particularly well-suited for analyzing TPMS
nanoplates, where third-order derivatives of field variables are involved. Furthermore, unlike many
traditional meshfree approaches that rely on Lagrange multipliers or penalty techniques to impose
boundary conditions, the MK method allows for the direct enforcement of boundary conditions at nodal
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points, analogous to the finite element method (FEM). Originally introduced by Gu [21] for solving
two-dimensional boundary value problems, the MK interpolation technique has since been extended and
applied to the analysis of plate structures in various studies [22-26]. By combining the MK meshfree
method with HSDT, the research provides an integrated approach for analyzing functionally graded
triply periodic minimal surface nanostructures. A numerical case study is also provided to highlight the
advantages of applying this nonlocal meshfree strategy to such configurations.

2. Primary formulations
2.1. Mechanical characteristics of FG-TPMS materials

In this study, two representative TPMS geometries, namely Primitive (Pri) and Gyroid (Gy), are
modeled as follows: [2]:

o Pri: ¢(x,y,z)=cos(x,X)+cos(x,y)+cos(x;z) (1)
e Gy: d(xY,z)=sin(xx)cos(x,Y)+sin(i,y)cos(x,z)+sin(x;z)cos(x;x)

where ¢@(X,y,z) symbolizes a surface evaluated at a specified constant value, demonstrating a topology
similar to that of a minimal surface, and

=2 =12 @

where t; and |, imply the number of unit cells and their corresponding lengths, respectively.

To provide a visual perspective, two representative unit cell configurations, namely Primitive (Pri) and
Gyroid (Gy), are outlined in Figure 1.
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Figure 1. Different shapes of unit cells: (a) Primitive and (b) Gyroid.
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Regarding the curve-fitting model [2], the volume ratio is determined as follows

VTPMS
V=—1-—— 3
v 3)
in V™ and V™ denote the total volume of TPMS base material and cells, respectively.
The V in Eq. (3) can be rewritten as follows:
V= (Vmax _Vmin )VzpanemA’B +Vmin (4)

where VZPattem A_ (% + %j and VZPatternB _ (1_ COS(%ZJJ '

Regarding Eqg. (4), the variation both Pattern A and Pattern B via the plate thickness is represented
by using two distinct mathematical purposes.
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2.2. Eringen’s Nonlocal Elasticity theory
To begin, we analyze a nanoplate structure influenced by a distributed body force field (f;). The ng
equilibrium equation based on a nonlocal linear elastic problem can be expressed:
Xii T fi=pU in 0 (5)

where y; is the nonlocal stress, U;is the acceleration field and pis the density mass, and Q is the
volume.
In the nonlocal formula proposed by Eringen, the nonlocal stress tensor y; can be defined as:

Zij ) =150(x -, r)ai i (x)dx’ (6)

in which Xis a point in the body; X" is denotes a neighboring point relative to X; |x'— x| is measures the
space between the points; the kernel function ®(|x'—x|,r) infers the nonlocal modulus; 7 expresses a
parameter characterizing the material.

Employing the differential operator = :(1—¢2V2), Eqg. (6) can be modified as [27]

(1_¢2V2)Zij =Gjj » (1_¢2V2)Zij,j =0jj (7)

where the Laplacian operator is defined V2 :i2 +i2 and ¢ is the nonlocal parameter; with ¢ =¢,a
x oy

accounts for the small-scale effects influencing the behavior of nanostructures, in which e, is a material

constant and and a denotes the internal characteristic length, accounting for small-scale effects relevant
to nanostructure mechanics.

Similarly, Eq. (5) can be reformulated using =. leading to the following form:

E(Zij,j)+5( f)=Z(pl, ) in Q ®)
Substituting Eq. (7) into Eq. (8) to accomplish Eq. (9) is :
&y +(1-¢'V?) £ =(1-9"V* ) ot 9)

Using the virtual displacement principle, the integral representation of Eq. (9) is obtained as:

£aij,j5uidg‘z+£(1—¢2v2) f.oudQ = £(1—¢2v2)pui5uidﬁ (10)

where ou; represents the virtual displacement vector.

Applying the divergence theorem and integration by parts to the first term in Eq. (10), the expression
becomes:

Idij,j5uidf_2=—_[0u5ui,jdﬁ+ I oynéudr,
Q Q

Ty

(11)

where n, is normal vector, I”
displacement vector.

By substituting Eg. (11) into Eg. (10) and discounting the integrated elements located at the boundary
I",, the final integration form of equilibrium equation is calculated as

o Is the Neumann boundary, and &u, ;is the derivative of virtual
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o000+ [(1-97V?) ptSudid= [(L- 92V ) f5u,d0 12

Q Q Q

By replacing ou, ; = dg;

ij?

Eq. (12) is reworked as

(1;5(8” )T aijdﬁ+£(1—(/)zvz)p§(ui ) Uidﬁzj(l—¢zvz)5(ui ) f,d0 (13)

Q

2.3. Kinematics of functionally graded triply periodic minimal surface nanoplates

As illustrated in Figure 2, the displacement components at a generic point on the plate, according to
HSDT, are expressed as follows:

u(xy,z)=u"(xy)+zu’(xy)+ f (2)u’(xy) (14)
in which
U u Wx ﬁx
U=V U=qvy W=—w ¢ U =14 (15)
W w 0 0

and w, u, and v denote in the transverse displacements and in-plane, respectively; f, and 3, are two

rotations of the x-z, y-z planes, respectively; the symbols ‘,x” and ‘,)’ denote derivative of any function
with respect to x and y directions, respectively; f (z) =z —4z° /3h?, and & is represents the thickness of
the plate. This aspect is explored in [28].

b u x

‘ ﬂx’ax

y! OCy
Figure 2. Elements of the displacement field components.

Regarding the displacement fields given in Eq. (14), the shear strains and bending can be drawn as:

€ :{gxx £y yxy}T =g'+28° + f(2)e’; y= {}/XZ Yy }T = f'(2)¢° (16)
in which
u,x Wxx ﬂx,x ,8
€= V, ri&=—W, i8=¢ B, i€ :{ﬂx}. (17)
y
u,+v, 2w, By + By

and f'(z)=1-42%/h?.

For linear elastic materials, the relationship between stress and strain is expressed mathematically by
the constitutive law as follows
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E i vE2 0 0 0
O-xx ].-—1/ ].—'1/ é;xx
oy VE2 E : 00 0 Eyy
Ty r=|1-v" 1l-v Vxy (18)
Z-XZ 0 O G 0 0 J/XZ
T, 0 0 0 G O Yy
| 0 0 0 0 Gj

in which v, G, and E are the Poisson’s ratio, shear modulus, and Young’s modulus of FG-TPMS
materials, respectively.

Regarding the fixed data model [16], the corresponding values are calculated and listed in Table 1 as
follows:

Table 1. Mechanical characteristics of FG-TPMS materials.

TPMS Mechanical characteristics V Range
Primitive . 0.317V 1% . 0.705v 118 V £0.25
E=E ;G=G

1.007Vv 2% —0.007 0.953v "™ +0.047 V >0.25

0.314e " +0.119 V £0.55

- 0.152v2 -0.235v +0.383 V >0.55

Gyroid 0.596V 47 0.777v 5 V <045
= Em ; G = m

0.962V **' +0.038 0.973v*** 1+0.027 V >0.45

Ve 0.192e %% +0.202 V <0.50

0.402V? —0.603V +0.501 V >0.50

The discretized governing equations for analyzing nonlocal free vibrations can be formulated by
substituting respective components into Eq. (13) as follows:

[, Qa0 [ o7 R [ (1-¢7* ou' a0 @9
where
81 /\b E;b EEb
g=18’ 1 y={e}; Q"=|B* D° F° |
g E P H

(A8 DB P H )= (12,2°f(2),2f(2), F*(2))CPz ; 0
(115500 05,1) = J p(L2.2%,1(2), 2 (2), 1%(2) ) I,z

-h/2

S _ h/2 12 S . S _ (3 () .
Q _me (2)C°dz; C ‘[o G},
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[ E vE i
2 2 0
1 1% 1 1% ul l | |
VE E 1 Iy
C'- 1-12 1_2 O u=qu’ s lp=[1, 1y Iy
0 0 G u I, I, I

where Q represents a plane surface area of the plate; 1, indicates the unit matrix; p=p" xV , in
which p™ is the mass density of base material.

2.4. Moving Kriging interpolation shape function for FG-TPMS nanoplates

The mid-plane surface is partitioned into a finite set of nodal points x, (I=1,..,N) and N denotes the
total number of nodes. The displacement field is subsequently formulated over this discretized domain.

u' (X):zl5><5Nl (X)Q| (21)

where q, :{u, vi W B, B, }T is degrees of freedom (DOFs) of node I; the shape function
N, (x) can be formulated
N, () =P A+ (x)B =2 p,()A; + D (X)B, (22)
j=1 k=1
in which n corresponds to the count of nodes comprising the support domain, and m signifies the

polynomial basis function's order.
And, elements of p(X), r(x), A and B can be written

P()=[P(X) P(x) = pu(x)]
r(x)=[R(x,X) R(X,x) - R(xn,x)]T (23)
A=(S'R?S) 'SR B=R*(I-SA)

where | is a unit matrix of size nxn, and

pl(xl) pm(xl) R(X17Xl) R(Xlixn)
s(x)=| ¢+ . i R(X)= : : (24)
p(X) - Pa(Xy) R(Xy %) - R(X,,X,)
with
p(x):{l Xy X xy yZ} : R(x,,xj)—exp{—(xiuxI -X]HT} (25)

where ¢ is a correlation parameter (¢ =1) [2], X, is mean distance between nodes.

Based on the MK interpolation shape function, shear strain and bending parts can be reformulated as
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follows:
mxn mxn
—b 1 2 37 1 2 N7 b
g ={8 g 8} =Z{B, B’ B,} d, =Y Bd,
1=1 1=1
(26)

where
R, 0 00O 00 R, 00O 00O0R, O
Bi=| 0 R, 0 0 0[,B=—|0 0 R, 0 0,B=|0 0 0 O R, |
R, R, 000 00 2R, 00 000R, R,
(27)
B = 0 00R O
|0 00 0 R
In the same way, the displacement field regarding Eq. (15) is also stated by
Uz{ul U2 US}T=Z{N1| N|2 N?}T%:Zqul (28)
1=1 1=1
in which
RR 0 0 0O 00 R, 0O 000R O
Ni=l 0 R OOO,N,Z:—OOR,'yOO,N,S:OOOO R, (29)
0 0 R 0O 00 0 00O 000 O0 O

Finally, discrete equations of free vibration of FG-TPMS nanoplates are devised by inserting Egs.
(26) and (28) into Eq. (19) as follows

(K-0’M)g=0 (30)
in which Mand K are the mass matrix and global stiffness matrix, respectively, that are formulated
by

_ b T bpb S T SMS .
K_jQ(B ) Q'B dQ+jQ(B ) Q°BdQ;
, | (31)
M :jg(l—(pvz) N'I,NdQ; q=ge™
where @ and @ are the natural frequency and shape modes of @, respectively.

3. Validation through numerical simulations

Each category of FG-TPMS plate is demonstrated through a numerical example, considering four
distinct volume distribution scenarios V., =0.35 based on Eq. (4), as drawn in Table 2. Three-node

triangular cells are employed to carry out the required integration within the meshfree framework, with
a specified number of integration points 3x3 assigned to each triangular cell.

The physical properties of SUS304 steel can be described by, p™ =8000 kg/m*,v™=0.3, and
E™ =200 GPa.
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Table 2. The four cases of volume dispersion characteristics WithV,,,,. = 0.35 [2].

Parameters n Viin Vo

Al 1 0.2 0.5

A2 3 0.2 0.8

Bl 0.561 0.2 0.5

B2 1.757 0.2 0.8

We analyze a square nanoplate with dimensions characterized by length a and thickness h, subjected
to both simply supported (SSSS) and fully clamped (CCCC) boundary conditions. To confirm the
accuracy of the proposed model, we initially investigated how different thickness-to-length ratios,
TPMS model variants, volume dispersion schemes, and boundary conditions affect the natural
frequencies. The expression used to estimate the non-dimensional natural frequency is given by:

2,4 m 14 mp3
E):(M] , where D:LZ.
D 12(1—(vm) )

The dimensionless natuTable 3ral frequency of FG-TPMS square nanoplate models was computed
using 468 nodes. presents the outcomes for the fundamental frequency of FG-TPMS plates without
incorporating the nonlocal effect. These outcomes are evaluated against previous studies [16], which
employed IGA alongside seventh-order shear deformation theory, as well as the work of Phung et al.
[28], which utilized IGA and third-order shear deformation theory. The comparison reveals a strong
agreement with these reference solutions [16,28], particularly in scenarios where size-dependent effects
are neglected.

Furthermore, Table 3 illustrates a significant increase in the fundamental frequency when
transitioning from the Gyroid to the Primitive topology in Pattern A. This ascending trend in frequency
is attributed to the variation in structural characteristics between these TPMS forms. The observed
upward trend in natural frequency persists as the structural configuration transitions from Pattern A to
Pattern B. Notably, the frequency parameters exhibit an increasing tendency with higher length-to-
thickness ratios, while a reduction is observed under a change in boundary conditions from CCCC to
SSSS. Furthermore, the effect of nonlocal parameters on the fundamental frequency of the nanoplate is
systematically investigated, with the corresponding results summarized in Table 4. These results offer
novel insights not previously stated in several studies. Notably, the initial frequency is found to be lower
in Pattern A than in Pattern B. In addition, a rise in the nonlocal parameter corresponds to a decrease in
the initial frequency, indicating that such parameters effectively reduce structural stiffness. Furthermore,
Figure 3 shows the first four our vibration modes of a fully clamped FG-TPMS square nanoplate with a
thickness ratio a/h=10, initial nonlocal parametere, =0.5, Primitive geometry, and Pattern A
distribution.

Table 3. The fundamental non-dimensional natural frequency @ of FG-TPMS square plates.

Triply
-:—ehr:glt(r? ?,s;}fg rnpier:ilr%(ﬂ& Refs. Pattern A Pattern B
surfaces
Al A2 B1 B2
SSSS
10 Pri Phung et al. [28] 3.4831 3.5445 3.8500 4.1699
Nguyenetal. [16] 3.4826  3.5452 3.8517 4.1759
Present 3.4846 3.5459 3.8516 41717
Gy Phungetal. [28]  3.4049  3.4713 3.7153 4.0314
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Nguyen et al. [16] 3.4047 3.4726 3.7183 4.0429
Present 3.4068 3.4731 3.7171 4.0331
200 Pri Nguyen et al. [16] 3.5274 3.5965 3.9322 4.3050
Present 3.5513 3.6201 3.9511 4.3213
Gy Nguyen et al. [16] 3.4553 3.5317 3.8090 4.1968
Present 3.4751 3.5519 3.8255 4.2116
CcccC
10 Pri Phung et al. [28] 4.4396 4.4980 4.9017 5.2641
Nguyen et al. [16]  4.4454 4.5076 4.9193 5.2988
Present 4.4442 4.5029 4.9061 5.2689
Gy Phung et al. [28] 4.4326 4.5098 4.7493 5.0528
Nguyenetal. [16]  4.4413 45241 4.7741 5.1064
Present 4.4361 4.5138 4.7532 5.0578
200 Pri Nguyenetal. [16]  4.5914 4.6724 5.1894 5.7319
Present 4.6851 4.7663 5.2624 5.7948
Gy Nguyenetal. [16]  4.6208 4.7332 5.0902 5.6285
Present 4.6925 4.8068 5.1510 5.6834

Table 4. Fundamental non-dimensional natural frequency @ of FG-TPMS square nanoplates for a/h=10.

o Triply periodic minimum Pattern A Pattern B
0 surfaces Al A2 B1 B2
SSSS
0 Pri 3.4846 3.5459 3.8516 4.1717
Gy 3.4068 3.4731 3.7171 4.0331
0.2 Pri 3.0121 3.0650 3.3293 3.6060
Gy 2.9448 3.0022 3.2131 3.4863
05 Pri 2.2316 2.2708 2.4667 2.6717
Gy 2.1818 2.2243 2.3805 2.5830
0.8 Pri 1.8125 1.8444 2.0035 2.1701
Gy 1.7721 1.8066 1.9336 2.0980
1 Pri 1.6320 1.6607 1.8040 1.9540
Gy 1.5957 1.6267 1.7410 1.8891
CCcCC
0 Pri 4.4442 4.5029 4.9061 5.2689
Gy 4.4361 45138 4.7532 5.0578
0.2 Pri 3.7555 3.8052 4.1517 4.4676
Gy 3.7498 3.8164 4.0263 4.2959
0.5 Pri 2.7230 2.7590 3.0118 3.2439
Gy 2.7185 2.7670 2.9220 3.1223
0.8 Pri 2.1997 2.2288 2.4330 2.6208
Gy 2.1959 2.2350 2.3606 2.5228
1 Pri 1.9778 2.0039 2.1875 2.3564
Gy 1.9743 2.0095 2.1224 2.2684
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Figure 3. The first four shape modes of fully clamped FG-TPMS nanoplate (Primitive, Pattern A, a/h=10,
&, =0.5): (a) Mode 1, (b) Mode 2, (c) Mode 3, and (d) Mode 4.

4. Conclusions

This study investigated the free vibration behavior of functionally graded triply periodic minimal
surface (FG-TPMS) nanoplates using a meshfree model based on higher-order shear deformation theory
(HSDT) combined with the moving Kriging method. Two types of TPMS geometries (Primitive and
Gyroid) were considered, each featuring four different volume fraction distributions. The mechanical
behavior of the FG-TPMS materials was determined using a two-phase piecewise approximation
function. The meshfree model produced results that closely matched those reported in the reference
literature. Additionally, the influence of stiffness variation on the nanoplates was investigated.

The findings revealed that increasing the nonlocal parameter reduced the natural frequencies of the
FG-TPMS nanoplates. Physically, this trend reflects the size-dependent behavior inherent in nanoscale
materials: as the nonlocal effect becomes more pronounced, the material exhibits softer mechanical
responses due to long-range interatomic interactions. This is particularly relevant for nano-engineered
materials where classical continuum theories fail to capture scale effects.

The observation that type A nanoplates have lower fundamental frequencies than type B implies that
the stiffness distribution in type A is less favorable for vibration resistance. This has direct implications
for structural design, suggesting that certain gradation patterns (e.g., type B) could enhance stiffness
without increasing material usage. Furthermore, the Primitive geometry showing the highest first natural
frequency indicates a superior ability to resist dynamic loads, making it more suitable for applications
where high rigidity and vibrational stability are critical—such as in nanosensors, aerospace components,
or micro-electromechanical systems (MEMS).

Overall, these insights provide valuable guidelines for optimizing the design of FG-TPMS
nanostructures, balancing material gradation, geometry, and scale effects to meet specific performance
demands in advanced engineering applications.
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