JTE JOURNAL OF TECHNICAL EDUCATION SCIENCE
Ho Chi Minh City University of Technology and Engineering

HESEe Website: https://jte.edu.vn
ISSN: 2615-9740 Email: jte@hcmute.edu.vn
Derivation and Analysis of the Disk Movement Equation for a
Vertically Reciprocating Mixer

Thanh Tinh Tran
Ho Chi Minh City University of Technology and Engineering, Vietnam
Corresponding author. Email: tinhtt@hcmute.edu.vn
ARTICLE INFO ABSTRACT
Received: 01/10/2025 Mixing plays a crucial role in a wide range of applications from biology,
) pharmaceutical to chemical and food industries. Vertically reciprocating
Revised: 03/11/2025

mixers, which operate based on the up-and-down motion of a disk impeller,
Accepted: 21/07/2026  are particularly effective for mixing high-viscosity or highly sensitive
materials. A thorough understanding of the disk’s motion equation,

Online First: 18/08/2026 . . . .2 > . -

including its derivation and analysis, is essential for evaluating the
Published: performance of this type of mixer. In this study, the movement of a disk
KEYWORDS impeller connected to a.ﬂywheel via a copnec.ting rod is syst.ematically

derived. The effects of higher-order approximations and the ratio between
Reciprocating Mixer; the flywheel radius (R) and the connecting-rod length (L) are investigated.
Agitator; When R is smaller thap L, the pos%tioq and velocity equgtions describing

the reciprocating motion of the disk impeller are obtained. The results
Approximation;

indicate that higher-order approximations have negligible influence on the
Disk Movement; motion equation. Furthermore, the study sheds light on the impact of the
R/L ratio on the position and velocity profiles. These findings provide solid
foundation for further research on this field, especially power consumption,
flow and mixing characteristics.

DOI: https://doi.org/10.54644/jte.2026.2014

Copyright © JTE. This is an open access article distributed under the terms and conditions of the Creative Commons Attribution-NonCommercial 4.0
International License which permits unrestricted use, distribution, and reproduction in any medium for non-commercial purpose, provided the original work is
properly cited.

High Order.

1. Introduction

Mixing is a process to mix two or more materials into the expected level of homogeneity, and plays
a vital role in most applications from biology, pharmaceutical to chemical and food industries.
Traditional mixers typically use continuous rotational motion to homogenize materials. However, these
mixers are not suitable for high-viscosity or highly shear-sensitive materials [1], [2]. Reciprocating
mixers are alternative ways that can effectively address these challenges. The principle of this type of
mechanical mixer is using back-and-forth (reciprocating) motion to mix materials. Unlike traditional
rotary mixers that continuously spin in one direction, reciprocating mixers operate by repeatedly
reversing their motion either in a linear or rotational path, typically to create gentle and controlled mixing
without inducing high shear. Reciprocating mixers, especially vertically or up-down reciprocating ones,
also have better mixing performance compared with the agitating configurations [3]-[14].

For instance, Komoda et al. [3] experimentally studied mixing performance by reciprocating disk in
cylindrical vessel for different flow regimes and found that this configuration mixer can be more
efficient than rotating impellers in turbulent regimes at relatively low power. This advantage was
obtained due to strong vortices breaking into eddies that helped rapid and complete mixing at high
Reynolds number.

Advantages of reciprocating mixer were also consolidated in the experimental works of Hirata [4]
and Hirata et al. [5], [6]. They investigated mixing performance in a cylindrical vessel using a
reciprocating disk impeller, focusing on chaotic and turbulent mixing phenomena. The results showed
that reciprocating disk impellers generate chaotic mixing fields, producing exponential stretching of
fluid interfaces, hence conducting rapid and efficient mixing. Reciprocating mixers were also found to
be effective for liquid-liquid dispersion, as mentioned in the experimental research of Kamienski and
Wojtowicz [7].
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In addition to the bulk information such as power number, mixing time achieved from the above
experimental works, detailed flow characteristics were well described in numerical studies [1], [15],
[16]. Here, the most popular mechanism is that the flywheel rotates at constant angular velocity to drive
the disk agitator to do up-down reciprocating movement through a connecting rod. Using correct
movement equation of vibrating disk is crucial for these numerical simulation works. However, not only
are the numerical works on this topic rare compared with the experimental ones, but the detailed
derivation of this movement equation is also lacking in the literature, or even shows inconsistency within
the same paper. For instance, position and velocity equations of disk impeller are incompatible in the
works of Wojtowicz [15] (i.e. Equations (8) and (9) of his work) or Li and Xu [1] (i.e. Equations (1) and
(2) of their work).

Thus, this work is devoted to theoretical investigation with detailed steps in the derivation and
analysis of disk movement equations by connecting to a rotating flywheel. When flywheel radius R is
smaller than connecting-rod length L, vertically reciprocating movement of disk impeller is
approximated from rotating movement of the flywheel. Results clearly confirm the statement that the
influence of higher-order approximations is negligible. In addition, the ratio R /L has strong impact on
position and velocity profiles of disk impeller. The larger the ratio R/L, the stronger the distortion of
the position and velocity profiles from their sinusoidal appearances. That implies a longer stay of the
disk impeller during the upper part of its cycle.

The rest of this paper is structured as follows. Section 2 presents the operating principle of a vertically
reciprocating mixer, while Section 3 shows the detailed steps of derivation for disk impeller movement
equations. Influence of higher-order approximations as well as ratio between radius R and connecting-
rod length L are also mentioned in this Section 3. We wrap up important findings in Section 4.

2. Operating principle of vertically reciprocating mixer

Vertically reciprocating mixers generally consist of a vertical cylindrical mixing chamber equipped
with an agitator or a disk impeller connected to a motor through a vibrating rod, a connecting-rod, and
a flywheel as shown in Figure 1. The connecting rod has a length of L; while the flywheel has a radius
of R and rotates with an angular velocity of w driven by a motor. The disk impeller hence reciprocates
up and down in a vertical cylindrical mixing chamber.
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Figure 1. Scheme of vertically reciprocating mixer.

Figure 2 sketches out four typical positions of disk impeller. Supposing that at the beginning, the
disk impeller is located at the bottom dead center (BDC) as shown in Figure 2a. At the moment t, the
flywheel rotates by an angle ¢ = wt; the disk impeller then departs from the BDC to a new position as
in Figure 2b. The remaining two, Figure 2¢ and 2d, show the impeller positions at the middle and the



mailto:jte@hcmute.edu.vn

JTE JOURNAL OF TECHNICAL EDUCATION SCIENCE
Ho Chi Minh City University of Technology and Engineering

Website: https:/jte.edu.vn

ISSN: 2615-9740 Email: jte@hcmute.edu.vn

HCM-UTE

top dead center (TDC), respectively; where the middle is defined as halfway between the BDC and TDC
locations.

|
|
T T e — :

(a) (b) () (d)
Figure 2. Disk positions at different rotating angles.
3. Derivation of disk impeller movement equations

This section shows detailed steps to derive the movement and velocity equations of the disk impeller.
We define a coordinate with the origin at O that is the middle point between BDC and TDC mentioned
in the previous section. This coordinate has the z-direction upward.

3.1. Distance from flywheel center to the lowest end-point of connecting rod

Firstly, we show in Equation (1) the relation between angular velocity w (rad/s) of flywheel and
its frequency f (1/s). Then, the angle ¢ (rad) can be presented as a function of angular velocity
w (rad/s) and time t (s) in Equation (2).

w = 2nf (D)
@ = wt = 2nft 2
For a given angle ¢, the triangle 1JK gives:

1> =R?+1IK?—-2R-IK-cos¢ 3)

This equation can be rearranged to become the quadratic equation of variable length IK:
IK?—2R-IK-cosp+R?—1?2=0 4)

This familiar equation has discriminant A = R? cos? ¢ — R? + L? = L?> — R%?sin? ¢. So, two
solutions for distance IK from flywheel center to the lower end-point of the connecting rod are:

R? 1/2
IK=Rcos<piA1/2=Rcos<piL<1—§Sin2<ﬂ> ©)

However, only the plus sign is selected in Equation (5), since at the initial position ¢ = 0 (rad), we
have IK = R + L as described in Figure 2a. So, Equation (5) becomes:

R?2 1/2
IK=Rcosq)+L(1—ﬁsinzq)> (6)

By using the relation:
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1+x)"=1+nx+ nn-1) 2 | pmD®72) 3 e, 7
2 6

2
and keep in mind that IZ—Z sin? ¢ « 1 since R < L, and using n = 1/2, the terms with the order of two

or higher than two on the right-hand side of the above relation are negligible. Equation (7) can be
approximated up to the first order as:

IK =R +L|1 LR 2 8
= Rcos ¢ 2Lzsm Q@ ®)
By using the relation sin? ¢ = 1_%5(2@, Equation (8) can be rewritten as:
1R* R?
IKEL-l—RCOS(p—ETSln (p=L+Rcos<p—E[1—cos(2fp)] )

This equation, about the distance IK from flywheel center to the lowest end-point of connecting rod,
can be easily validated from Figure 2a with ¢ = 0 (rad) and Figure 2d with ¢ = m (rad) where IK =
L+ R and IK = L — R, respectively.

3.2. Position and velocity equations of the disk impeller

Based on the selected coordinate Oz, the relation between position of disk impeller center in z
direction and the distance /K is as follows:

z(t)=(L+L,)—(UK+L,)=L—-IK (10)
where L, is the length of vibrating rod that is eliminated in the final result in Equation (10). Combining
Equation (9) and (10) gives:

R
z(t) = R{— cos @ +E[1 — cos(2<p)]} (11)
Note that ¢ = wt = 2nft (rad), so the disk impeller velocity in the z-direction is:

dz

W(t) = E

R
= wR [singo + ﬂsin(Zq))] (12)
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Figure 3. Disk position (top) and disk velocity (bottom,).



mailto:jte@hcmute.edu.vn

JTE JOURNAL OF TECHNICAL EDUCATION SCIENCE
Ho Chi Minh City University of Technology and Engineering

Website: https://jte.edu.vn

ISSN: 2615-9740 Email: jte@hcmute.edu.vn

HCM-UTE

We can easily check that Equation (11) gives z = —R when ¢ = 0 (rad), and z = R when ¢ =
m (rad). These are consistent with the positions of the impeller in Figure 2a and 2d, respectively. In
addition, at these two positions (i.e., BDC and TDC), the disk impeller velocity is found to be zero as
described by Equation (12).

. - : . . . . . 1
Mean disk velocity w can be obtained from integration of the instantaneous one in one period T = 7

t=T
——1f| (t)ldt—4R—4R (13)
W= w =T = f

t=0

The instantaneous and mean velocities, i.e. Equations (12) and (13), are the same as in the works of
Wojtowicz [15] and Li and Xu [1].

Plots of position and velocity equations are shown in Figure 3 for 3.5 periods of time T when these
parameters are selected: frequency f = 1.75s71; amplitude (or flywheel radius) R = 0.04 m;
connecting-rod length L = 0.25 m. Both the position and velocity profiles in Figure 3 have sinusoidal
shapes. The BDC and TDC positions in Figure 3 (top) correspond to zero values of disk velocity in
Figure 3 (bottom), while the zero-positions give the maximum of velocity amplitude. It means that disk

impeller obtains maximum velocity at the middle points. All these results are the same as in the study
of Liand Xu [1].

3.3. Influence of higher-order terms on the position and velocity equations of disk impeller

This section investigates the influence of higher order in deriving the position and velocity equations
of disk impeller. By keeping up to the second order term in the right-hand-side of Equation (7), the
distance /K from flywheel center to the lower end-point of the connecting rod in Equation (6) is
approximated:

IK =R +L(1 LR in? 1R4'4 14
= Rcos ¢ 2Lzsm 1) 8L4sm ) (14)
Hence, the position of disk impeller center in z direction is:
1R? 1R*
z(t)=L—-IK = —Rcosrp+ETsin2<p +§Fsin4<p (15)
By using the relations sin? ¢ = 1_%8(2@; cos? g = H%S(Z(p); and sin* ¢ = %(1 —cos(2¢))? =
i(l + cos?(2¢) — 2 cos(2¢)) = %(1 + 14-%5(440) -2 cos(2<p)), Equation (15) is rewritten as:
t)=R +R[1 2 ]+R3 [3+ 4 4 2¢)] 16
z(t) = cosg + 771 —cosZp)] + 3 cos(4¢) — 4 cos(2¢) (16)
Compared to Equation (11), the difference is the last term in the right-hand side of Equation (16).
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Figure 4. Disk position profiles in the first order (Equation (11)) and the second order (Equation (16)).



mailto:jte@hcmute.edu.vn

JTE JOURNAL OF TECHNICAL EDUCATION SCIENCE
Ho Chi Minh City University of Technology and Engineering

Website: https:/jte.edu.vn

ISSN: 2615-9740 Email: jte@hcmute.edu.vn

HCM-UTE

For the given set of parameters as mentioned in Section 3.2 (frequency f = 1.75 s~1; amplitude (or
flywheel radius) R = 0.04 m; connecting-rod length L = 0.25 m), the disk position from Equation (11)
(the first order) and Equation (16) (the second order) are plotted all together in Figure 4. The results
show that these profiles are almost identical. Similar remark is found in considering velocity profiles
from the first-order and second approximations. In addition, normalized root mean square error
(NRMSE) values are extremely small, 1.34 - 10~* and 3.99 - 10~* for position and velocity profiles,
respectively. It implies that the influence of higher order is negligible.

In addition to the above remark for the case of ratio R/L = 16%, we also investigate the effect of
second order approximation for higher ratio R/L. Figure 5 shows disk position profiles from the first
and second order approximations for R/L = 32%, 48%, 64%, and 96%. For each case, both position
profiles are very close to each other. These results are verified by Table 1 where NRMSE values are
small for position and velocity profiles for all cases of ratio R/L. It reconfirms that the higher-order
approximation of disk position has an insignificant impact. Therefore, only the first-order
approximations, i.e., Equations (11) and (12), are used for the rest of this paper.
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Figure 5. Disk position from the first-order (Equation (11)) approximation and the second order (Equation (16))
one for different ratios R /L of 32%, 48%, 64%, and 96%.

Table 1. Normalized root mean square error (NRMSE) of position and velocity.

R (m) R/L NRMSE of position NRMSE of velocity
0.04 16% 1.34-107* 3.99-107*
0.08 32% 1.07-1073 3.09-1073
0.12 48% 3.61-1073 9.98-1073
0.16 64% 8.56-1073 2.25-1072
0.24 96% 2.89-1072 6.81-1072

3.4. Influence of the ratio R/L on the position and velocity profiles

We continue to investigates influence of the ratio R/L to the position and velocity profiles in this
section. Here, R is the amplitude (or flywheel radius), and L is the connecting-rod length. Small ratio
R/L provides almost sinusoidal shape of position and velocity profiles as shown in Figure 3. However,
these profiles distort from the sinusoidal appearance when larger ratio R/L is used. For example, Figure
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6 plots disk position and velocity for the ratio R/L = 96%. Position profile has quite flat peaks, that
leads to relatively small value of velocity for a while at TDC. This implies that the impeller takes a rest
at TDC in each cycle. In addition, disk impeller takes around 0.105 seconds to move from BDC to
middle point; but 0.185 seconds from middle point to TDC. In other words, for each cycle, disk impeller
spends 63.8% and 36.2% of its time for upper and lower parts, respectively. The longer time spent in
the upper part, almost 1.76 times that of the lower part, may affect power consumption, as well as flow
and mixing characteristics in vertically reciprocating mixer. To the author’s knowledge, this is the first
time in literature of reciprocating mixer field that this interesting finding has been remarked upon.
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Figure 6. Disk position (top) and disk velocity (bottom) when R /L = 96%.

Distortion profile of impeller position could be analyzed by considering two terms on right-hand side
of Equation (11). The first and second terms are R-(—cos¢) and R [R/(4L)]-[1 — cos(2¢)],
respectively. Contribution of the latter is significant if larger ratio R /L is used. Figure 7 plots these terms
and their summation as a function of time for the ratio R/L = 96%. The first and second terms have
sinusoidal profiles. However, frequency of the latter one is double the former, which makes all peaks of
the first term coincide with the valleys of the second one. Therefore, their summation has flattened peaks
as shown in Figure 7.
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Figure 7. Disk position when R /L = 96%.
4. Conclusions

This work presents a straightforward derivation and analysis of the position and velocity equations
for a disk impeller in a vertically reciprocating mixer. This proposed approach, though simple, provides
several important insights:

- The reciprocating motion can be achieved using a simple mechanism consisting of a rotating
flywheel connected to the disk by a connecting rod.
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- Approximations for the disk’s position and velocity are valid when R < L, where R is the
amplitude (or flywheel radius), and L is the connecting-rod length.

- The influence of higher-order terms in the position and velocity equations is negligible for all R /L
ratios; therefore, a first-order approximation is sufficient.

- For small R/L ratios, the position and velocity profiles exhibit smooth, sinusoidal behavior.
However, as R/L increases, these profiles become distorted, causing the disk impeller to remain
longer in the upper part of its cycle.

It is noteworthy that this last observation has been reported here for the first time in the literature of
reciprocating mixers, providing a foundation for future studies on vertically reciprocating mixers —
particularly in relation to flow behavior and mixing performance.
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  I K


  𝜑 = 0   ( r a d )


  𝜑 = 𝜋   ( r a d )


  I K = L + R


  I K = L − R


  I K


  z  ( t ) =  ( L +   L  v ) −  ( I K +   L  v ) = L − I K


    L  v


  z  ( t ) ≅ R  { −  cos ⁡  𝜑 +   R  4 L  [ 1 −  cos ⁡   ( 2 𝜑 ) ] }


  𝜑 = 𝜔 t = 2 𝜋 f t      ( r a d )


  w  ( t ) =   d z  d t ≅ 𝜔 R  [  sin ⁡  𝜑 +   R  2 L  sin ⁡   ( 2 𝜑 ) ]


  z = − R


  𝜑 = 0    ( r a d )


  z = R


  𝜑 = 𝜋    ( r a d )


    w -


  T =  1  f


    w - =  1  T   ∫  t = 0  t = T   | w  ( t ) | d t =   4 R  T = 4 R f


  T


  f = 1 . 75     s  − 1


  R = 0 . 04   m


  L = 0 . 25   m


  I K


  I K ≅ R  cos ⁡  𝜑 + L  ( 1 −  1 2     R 2    L 2    sin 2 ⁡  𝜑 −  1 8     R 4    L 4    sin 4 ⁡  𝜑 )


  z  ( t ) = L − I K ≅ − R  cos ⁡  𝜑 +  1 2     R 2  L    sin 2 ⁡  𝜑 +  1 8     R 4    L 3    sin 4 ⁡  𝜑


     sin 2 ⁡  𝜑 =   1 −  cos ⁡   ( 2 𝜑 ) 2


     cos 2 ⁡  𝜑 =   1 +  cos ⁡   ( 2 𝜑 ) 2


     sin 4 ⁡  𝜑 =  1 4    ( 1 −  cos ⁡   ( 2 𝜑 ) ) 2 =  1 4  ( 1 +    cos 2 ⁡   ( 2 𝜑 ) − 2  cos ⁡   ( 2 𝜑 ) ) =  1 4  ( 1 +   1 +  cos ⁡   ( 4 𝜑 ) 2 − 2  cos ⁡   ( 2 𝜑 ) )


  z  ( t ) ≅ R  { −  cos ⁡  𝜑 +   R  4 L  [ 1 −  cos ⁡   ( 2 𝜑 ) ] +     R 3  64   L 3  [ 3 +  cos ⁡   ( 4 𝜑 ) − 4  cos ⁡   ( 2 𝜑 ) ] }


  f = 1 . 75     s  − 1


  R = 0 . 04   m


  L = 0 . 25   m
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  3 . 99 ∙  10  − 4


  1 . 07 ∙  10  − 3


  3 . 09 ∙  10  − 3


  3 . 61 ∙  10  − 3
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  2 . 25 ∙  10  − 2


  2 . 89 ∙  10  − 2


  6 . 81 ∙  10  − 2
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  R / L


  R / L


  R / L = 96 %


  R / L =


  R ∙  ( −  cos ⁡  𝜑 )


  R ∙  [ R /  ( 4 L ) ] ∙  [ 1 −  cos ⁡   ( 2 𝜑 ) ]


  R / L


  R / L = 96 %


  R / L =


  R < L


  R


  L


  R / L


  R / L


  R / L

