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ABSTRACT

Most kinds of robots in researches are in solid structures. In these models, Euler-Lagrange
method is easily used to obtain dynamic equations for simulation and obtaining controllers. But,
actually, there is always flexibility - even very small or remarkable — in all kinds of robots. This
research solves a problem in modelling a complex robot with a flexible link-flexible inverted
pendulum- by presenting a method to simplify that robot. Thence, controller and simulation of
controlling model can be tested. The flexible inverted pendulum is a distributed parameter
system which is developed from cart and pole system, a robot with all solid links. An
investigation of applying LQR control on this model is examined. In simulation, approximated
dynamic equations are presented. The knowledge of the structure of the model leads to
designing a linear LQR controller. Genetic algorithm is successfully utilized to optimize the
controller. After a survey in a simulation, a hardware platform is presented and tested. In an
experiment, LQR is proven to work well and suit theoretical points.

Keywords: Flexible inverted pendulum; Inverted pendulum on Cart; Distributed parameter
system; LQR control; Genetic algorithm.

mathematical background. LQR control [8],
which has the same simple structure as PD
and well-balanced control many SIMO
(single-input multi-output) systems, is a

1. INTRODUCTION

Inverted pendulum (IP) is a classical
model in control laboratories. Most

researches on these models are based on solid  solution. Actually, according to control
links, such as rotary IP, cart and pole system, quality, LQR is not better than other
pendubot [1]... To widen the research to controllers, such as, PID and nonlinear

robots with elastic links through 1P, controller. The controllers will give better

researches are shown in [2]-[4]. In those
studies, solid pendulums are replaced by an
elastic beam, called flexible IP (FIP). It is
proven that a free-moving pendulum on cart
causes un-stability of FIP [5]. Thence, a
model of fixing IP on a cart is presented in
[6]. Also in that research, distributed
parameter model (DPM) of FIP is simplified
to linear form as in Fig. 1. Solving a DPM
control problem is complicated and it is still
an open direction until now [7]. This
classical research [6] gives a simple direction
to simplify a PDM problem into a model that
is equivalent to a non-PDM. Then, tools that
are used for non-PDM can be applied. A PD
controller was introduced in that study [6].
Anyway, PD controller is not based on

responses if better control parameters are
chosen (in LQR control, they are matrixes Q,
R; in PID control, they are K, K, Kg; in
sliding mode control, they are sliding
surfaces and  sliding  parameters...).
Therefore, in this paper, the comparison
among kinds of controllers is not focused.
But, we focus on creating a FIP platform in
both hardware and software for survey in
LQR controller. The success in making this
platform can be based for other control
algorithms on this DPM. In a simulation,
genetic algorithm (GA) is utilized to
optimize the control parameters of LQR
controller for better control quality. Besides,
in real model, only control parameters of
LQR are examined without the optimizing by
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GA. The changing these control parameters
shows that controller suits the theory of
optimal control. Anyway, not using GA in
real model is a deficiency of this paper and
authors prefer to solve this problem in next
study. By the way, control FIP by LQR in
this paper is the pioneer contribution that has
not been operated before.

This paper concludes 6 sections. Section
1 introduces the paper. Section 2 presents the
dynamic equations of FIP. In Section 3, a
process of LQR controller is shown. In the
simulation of section 4, LQR is proved to
work well and this controller is optimized by
GA successfully. In Section 5, a hardware
platform of FIP is shown and a survey of FIP
by this platform shows that real-time LQR
controller not only works well but also suits
the theoretical points. In Section 6, a
conclusion ends the paper.

2. DYNAMIC EQUATIONS

From [5], FIP is a DPM. Controllers for
these kinds of models are still researched and
no effective controllers are presented for FIP.
Thence, in [6], a linear form for FIP is
presented as in Fig. 1. In this research,
equations and inequalities (1)-(18) are
obtained. Two variables ¢, and «, show
the condition of the flexible beam. Motions of
two points, which are at the top and in the
middle of the beam, are the same as under the
effects of two virtual springs (as in Fig. 1).
With this approximation, the model in Fig. 1
is simplified as:

X, =l sine; Y, ~1,cose, 1)
X, =l sina,; Y, =l cosa, 2)

Spring
(with Stiffness : k1)

Bob (Mass=m)

1]

) Gt
Displacement x(t)

Spring
(with Stiffness : k2)

e

Force F(t) >

Fig. 1 FIP linear model

The potential energy is

. 2
K ING) (1 cose )+

k,(L,sing,)’ 3
+%—mt}gll(i—cos%) )
The kinetic energy is
M . m URY: .2
Kz;(x)2+7b[(x+xz) +(Y2) }+
ml,. . . \2 . . \2
+E[(x+ X1+X2) +(Y1+Y2) } (4)
The Lagrangian operator can be

developed as

M m,

2 2

L

X% + 2l Xc, cos ar, +
+
+’a,’

m X2+2X

(e, cosa, +
+_

2 2
j+|2al+

+’a,” + 2L, cos(a, - a, )

+l,a, cosa, +

(5)

+mgl, (1—0030:1)—%@2 sing, )’ +
+m, gl, (1—c05a2)—k—22(llsin )

Consider  the
coefficient as in (6)

b3 2\ 2 b2 ) 7/ \2 7 \2
Ry =2 (07 + 2[00+ XY + ()14

Rayleigh  dampling

+%[()’(+ X, +X,)2+ (Y, +Y,)] (6)

Euler-Lagrange dynamic equations are

doL) o
dt\ o, | oa, (7)

()L
dt\ox ) ox (8)

dfoL) oL _,
dt\ da, | oa, 9)

After calculations, (7)-(9) become
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ml,%¢, +ml%cosa, + mll.é, cos(e, — a,) +

+b L&, cos(e, —a,) +mllc,’ sin(e, —,) =0

2 -
k1, sin 2¢,

+bl.%¢, —mgl, sina, +bl Xcosa, +
b12 1 gZ 1 b12 1 (10)

(m+m)l’d, +(m+m, )| xcosa, + mllé cos(e, —a,) + (b, +by)lxcosa, + (b, +b,)l°c, +

+hylhd, cos(ey — ) ~ Ml sin(e, —at,) +(kyly* sin 2, ) 2—m,gl, sina, =0

(M +my +m) %+ (m-+m, )l (¢, cos, -, siner, )+ ml, (i, cosa, — &y’ siny )+ (by +b, +h,) X+

+(b, +b,)l,e, cose, +bl,a, cosa, = F

System parameters and variables in
(10)-(12) are listed in Table 1 below

Table 1. System parameters and variables of

FIP
Pa\l/r:;irggtlggs/ Description Unit

M Mass of cart kg
Mp Mass of beam kg
M Mass of bob kg
Iy Half of length of beam m
I, Length of beam M
Ky Spring stiffness of bob N/m
) Spring stiffness of beam N/m
b, Damping coefficient of bob kgm?
b, Damping coefficient of beam | kgm?
bs Damping coefficient of cart kgm?
G Gravitation acceleration m/s’
X Position of cart M
o Angle of middl_e point of beam rad

and vertical axis
@ Aqgle of tip mass and vertical rad

axis

Dynamic equations in (10)-(12) can be
transformed to matrix form as

6=0Q,(c)+Q,(c)F (13)

where: o=[a, @ x X a, dz]T

Critical buckling load for fixed-free beam

is

T, =(=°E1)/41; (14)
Load of the tip is

T, =mg (15)

(11)

(12)

In order to be able to control the FIP on
upside position, we have to select system
parameters to satisfy this inequality

T, <T. (16)
3. CONTROLALGORITHM
If (16) is satisfied, the equilibrium

solution (all velocity and position components
are zero) is imposed as

1/ 2)k,?sin(2e;,) —mgl, sine, =0 (17)

1/ 2)k,)*sin(2a,) —m, gl sina, =0 (18)

A solution of (17) and (18) is obviously
[a1,2,]=[0,0].

In order to make a simulation of LQR
controller closed to real-time model, dynamic
equations of motor have to be concerned and
implemented into a system. In [9], the
nonlinear model of DC motor is presented
through Fig. 2 and (19).

1
WL :
R, . :
i 1

' | @.8,
O. NCS
_ T
l
T..t,

Electrical parts Mechanical part

Fig. 2. The model of DC servo motor
Relation of voltage on motor and force
which is created by operation of motor is

B[ (KK Gty
R,|R RR, R/ R,

C m

] (19)
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dIZCm . _ dIZ‘]m

R2’3_R2

Where: k, = 4K, .k,
R.R

m-°c

_diKK,
RmzRC

Table 2. System parameters and variables of

DC motor
P@;i?;‘;tﬁa rss/ Description Unit

R. Wheel radius m
Ky Electrical constant V/rad/s
K Torque constant Nm/A
Cn Viscous Friction Nmsec/rad
F Force N
I Moment of inertia kg.m?
d; Gear ratio No unit
E Power supply \Y/

X Position of cart m
Rn Electrical resistance (@)

Thence, from (13) and (19), after some
calculations, dynamic equations with input
signal as voltage on DC motor of FIP are

generalized as follow form
6 =0,(c)+®,(c)e (20)

Nonlinear dynamic equations (20) lead
to linear form at working point

o=[e, ¢ x % @ &]=[0 0 - 0. System
matrixes are ®,=[®, ©, O, ©, O, O] ;
®,=[0, ®, 0, O, d, @] . Linearized
model of FIP is obtained as

6 =Ac+Be (21)
Where:
E vy |
601 o=0, 50‘2 0=0, 60-6 =0y
e=0 e=0 e=0
0o, 0o, &
A=| 0o, o=00 00, 7=y 00; o=09
22
00, o0, D, (22)
@O’l 0=0y 80-2 0=0) 606 0=0y
L e=0 e=0 e=0 i

601 0=0, 802 0=0, 606 0=0,
e=0 e=0 e=0
0y 0y 00y
B=| Jo; 7=, do, 75, 0o, 7=
(23)
00y Dy 00y
60'1 0=0y 662 0=0) ao—ﬁ 0=0)
e=0 e=0 e=0 |

and equilibrium point o,=[0 0 -- O]T

Therefore, with dynamic equations and
equilibrium points that are obtained, a simple
LQR controller is used. The stability of the
system is guaranteed by solving Ricatti
equations. Structure of LQR for FIP is shown
in Fig. 3. In this figure, linear feedback K is
calculated from matrix A, B (in (20)) and
selected weighing matrix Q, R. Matlab gives
a command to obtain quickly this control
matrix as

K =lgr (A B,Q,R) (24)
Gy
-
u system o
(4]

Fig. 3 LQR control structure for FIP system
4. SIMULATION

Weighing positive matrixes Q, R can be
chosen by trial and error test. Anyway, GA is
used to optimize the controller. Simulating
system under LQR controller in 10s with
sample time as 10ms. There are 1001
samples of system response in a period of
simulation time. We choose the fitness
function as

1= (@) (25)

i=1
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where e, e,, e, arethe errors between the
responses «,, X, a, in simulation and the

reference signals of system in Fig. 1 when
cart and pendulum are stable in upward
position.

Three cases are listed as below and
simulation results are shown in Fig. 4. In
(26)-(28), after generations, function J
decreases (Fig. 5). Correspondingly, with
smaller J, the setting time and overshoot of
each case decrease and it yields better quality
control (from Fig. 4). Thence, from
simulation, LQR controller is proved to work
well and GA actually optimizes LQR
controller.

Case 1: At generation 1

5081 0 0 0 0 0]
008 0 0 0 O
o o037 0 o of R=b
o0 0 13 o0 o (26)
0 0 0 0 27 0
000 0 0 0 019

K:[—17.4875 0.1407 50.1482 -6.6434 -32.6294 —2.7096];
J=1,=16.9364

Case 2: At generation 10

98 0 0 0 0 0
006 0 0 0 0
0 0 a5 0 o o R=b
o 0 0 um o0 o 27)
0 0 0 0 %07 0
000 0 0 0 119

K=[-12.0827 -0.2162 32.2998 -4.6757 -450554 -2.8402]>
J=J,=10.5097

Case 3: At generation 23

2310 0 0 0 0
0166 0 0 0 0
0 0 12 0 0 o R=1;
¥ 0 0 22 0 0 (28)
0 0 0 0 940
000 0 0 01

K:[—14.2148 0.4197 30.1171 -3.0343 -44.6581 —2.4607];
J=1J,=85690

—alpha1 with J1
- - -alphal with J2| |
—--alphal with J3| |

o
o

o o
w B

alphat (rad)
o o
S

=)
—

Time (seconds)
(a)

07 —alpha2 with J1|
06 % - - -alpha2 with J2
-=-alpha2 with J3

Time (seconds)
(b)

—x with J1
-~ -xwith J2| |
—--xwith J3|

x (m)
o

-0.15

Time (seconds)
(©)
Fig. 4 Comparison of FIP responses by GA
161 \
o '

0 5 10 15 20 25
Generations

Fig. 5 Values of fitness function J through
generations

5. EXPERIMENT
5.1. Hardware platform

An experimental FIP platform is
presented in Fig. 6 below. MPU sensor is
located at the middle of the elastic beam to
measure an angle «,. Another MPU sensor
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is located at the top of the elastic beam to
measure an angle ¢,. The tip mass should be

sufficiently small to satisfy the formula (16).
Arduino MEGA is used to implement the
control. The elastic beam is made of suitable
plastic to let the first- order mode shape of
vibration be concerned.

(b)
Fig. 6 Experimental model of FIP
1- Bob
2- Sensor MPUs 6050
3- Cart
4- 24VvDC Motor
5- Arduino Mega2560 and H-Bridge
6- DC Source

Values of system parameters in Table 1
in the real model are

M =0.085(kg ) 5 m, =0015(kg) s m=0.007(kg) ;
| =014(m) 5 1,=0.28(m) 5 b =b,=0.008 ;
g=981(m/s’)>k =21(N/m)sk, =84(N/m)

(29)

and values of system parameters in Table 2 in
real model are

R,=6(Q) :  K,=0065(V/(rad/s))
K,=0065(Nm/A) 5 J, =10°(kgm’)
C,=6.10"(Nmsec/rad); L, =0.01(Nmsec/rad) (30)

By observing the responses from figures,
the comparison can be concluded. But, a
criterion is presented from the idea of fitness
function of GA. An evaluating function is
presented as

[ 4 N
J, :ﬂlizﬂ:ejln +12;efn +ﬂa§efzzn (31)

In this formula, €,,, €, and €,

are the errors between angle «,, @,, X
and their reference signals in sample n™,
correspondingly. ¥ is the quantity of
samples that are collected through simulation.
Parameters 4 , 4, and A, are
correspondingly weighing parameters that
decide the effectiveness of each error to

evaluating function Jk. In this study, we
select

b=y = o =1

5.2. Experimental results

(32)

Because the FIP is a vibrating system, it
is better to terminate the velocity of the beam
instead of the angle of the beam. By that
opinion, terminating velocity of the beam is
more concerned than the angle of beam. In an
experiment, both q;, g affect o, «, in the

same way. Parameter ¢, is the velocity of
changing of ¢ ; parameter ges presents the

velocity of changing of «,. We assumed that

only the first mode shape exists. Thence,
only ¢ are examined in experiment. In

theory, if values of q, are increased, the
position of beam tends to be better in quality
than other variables, such as shorter settling
time, smaller settling error, smaller overshoot.
In Fig. 7, when increasing g3, the vibration of
a, decreases faster (from Fig. 7 (al) to (a4))

as in theory. Correspondingly, the position of
cart is difficult to be controlled (overshoot



Journal of Technical Education Science No.55 (12/2019) 47
Ho Chi Minh City University of Technology and Education

increases from Fig. 7 (bl) to Fig. 7(b4)).
Thence, the experiment suits the theoretical
point that changing suitable components in
weighing matrix Q can control better one
variable and may cause worse control quality
of other variables.

6. CONCLUSION

In this paper,
controller for

authors apply LQR
a FIP system. A linear

Angle of ¢, (degree)

approximated model is examined and tested in
simulation. The LQR controller is proved to
work well. GA is proved to have efficient role
in optimizing this controller in simulation. In
experiment, a real model is presented. The
LQR controller can both control cart position
and terminate the vibration of the elastic beam.
The control quality can be adjusted by
following the LQR control theory.

Position of Cart (cm)

Case 1: *
10 0 0 0 0 0] = ﬂ
002 0 0 0 0 @ 2
0 0 10° 0 0 0 w 2
%=ls 0 0 10 0 o =
0 0 0 0 10 0 0 ] |
0 0 0 0 0 02] = il
R e I A e
(a1) (b1)
Case 2: )
0 0 0 0 0 0] ° -
003 0 0 0 0 * s
|0 0 10° 0 0 O - :
=10 0 0 10 0 o ” -
0 0 0 0 10 0 ’ N
o o 0o 0 0 03 °© : w
4DD 1 2 3 4 ﬂmZ(g.) 7 8 9 10 E'E'D 1 2 3 4 “mi(s) 6 7 8 9 10
(a2) (b2)
Case 3: T 1 ’
10 0 0 0 0 O ° :
0 06 0 0 0 O ’
0 0 10° 0 0 O '
%=l 0 0 10 0 o :
o0 0 01w 0| /\W TT T 11 &
00 0 0 0 06 | | 1
e e B R
(as) (b3)
Case 4. ’
M0 0 0 0 0 0] * )
01 0 0 0 of ° o
jo o010 0 0 0 j’
Q= 00 0 10 0 O . s
00 0 0 10 O] . :
00 0 0 0 1] wl
time(s) time(s)
(a) (as)

Fig. 7 Experimental results of FIP
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