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ABSTRACT

A rotary inverted pendulum is a popular and basic model in control theory. However, the
price of this model is remarkably expensive and unsuitable for laboratory equipping in a
limited condition of Vietham. Recent self-created models do not satisfy the requirement in
model parameters. It causes that the control designing method that is based on system
parameters cannot be designed well. The paper proposes steps to create an inexpensive and
easy-to-make rotary inverted pendulum for control laboratories in the condition of Vietnam.
The model is clear in dynamic structure, system parameters. And the ability of the system in
training in laboratories is proven by applying controllers which are designed through
dynamic equations. Then, the survey on controllers-swing up and balancing- and system
responses will show the effectiveness of this real model. The balancing LQR controller is
selected and the swing-up controller is Furuta methods.

Keywords: Rotary inverted pendulum; LQR algorithm; Swing up; Furuta method; balancing
control.
TOM TAT

Con ldc ngiroc quay 1a mgt md hinh quen thude va co ban trong Iy thuyér diéu khién tu
déng. Tuy nhién, gia tien mgt md hinh 1a rat cao, khdng phil hgp diéu kién trang bji phong thi
nghiém con hgn ché ¢ Viét Nam. Cdac mé hinh dwoc tir ché tao hién nay thi khéng dap ing
duoc thong s6 md hinh, dan téi viéc ap dung cac giai thugt phu thugc vao md hinh khong
dieoc thiét ké thanh cong. Bai bdo dé xuat ché tao md hinh con ldc nguwoc quay gia ré va dé
xay dung cho cac phong thi nghiém diéu khién trong hoan canh Viét Nam. M6 hinh rd rang
trong cdu tric, thong s hé thong. Va kha néng iing dung h¢é thong dé huéng dan trong phong
thi nghiém dwoc chitng minh bang cach ap dung xay dung giai thugt trén md hinh nay véi
vigc xa@y dung gidi thugt- -swingup va can bang- dira trén hé dong luc hoc h¢ thong. Sau do,
khdo sét trén cac bg diéu khién va ddap g hé thang sé cho thay hiéu qud cia md hinh thuc
nay. Gidi thudt can bang LOR dueoc lya chon va gidi thudt swing-up la phwong phép Furuta.

Tir khoa: Con ldc nguroc quay; gidi thudt LQR; Swing up; phwong phdp Furuta; diéu khién
can bang.

education. Some algorithms have been

1. INTRODUCTION developed on this model, such as fuzzy [1],
A rotary inverted pendulum (RIP) is a adaptive PID [2], neuron network [3], sliding
classical object for control engineering. mode [4]... However, the price of a standard
Because of its nonlinear model and RIP is too high (the price from Quanser is
simplicity in mechanical structure, it is 2594 USD, equivalent to 59 million VND).
usually used in research and technical Thence, producing a cheap RIP
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(approximately 3 million VND), which has
all exact values of system parameters and
work well based on theoretical background,
is important for laboratories that have
difficulties in infrastructure, such as in
Vietnam.

This paper presents a direction for
creating a cheap RIP. Thence, authors apply
LQR, a balancing control algorithm, and
Furuta, a classical swing up the controller, on
this model. Both controllers are designed
based on a mathematical model of a real 2.2 Mathematical model of RIP [10]
system. Therefore, the ability of this real-
time RIP is proved to be suitable for both
simulation and experiment. _In LQR control, ¢ :lJ ﬂ-z+1J px.
components of control matrixes are selected 2 ' P
in various ways to examine the suitability of 1 1 S
experiment and theoretical points. Moreover, +Emp{Lr2/32 +Z'-p2(ﬂ2_ﬂ2 COSZ“)} ()
because of appropriate motor identification in

Figure 1. Structure of RIP

Total kinetic energy of system is

this paper, energy-based swing up controller _EL L.m_JBd cosa

[5], is designed well from an exact model of 2 " PP

a real system. Application of mathematics in Total potential energy of system is
balancing and swing up control proves that

real-time RIP satisfies the requirement of a U =m,gL, (1-cose) (2)

standard model for laboratories and it can be
replicated for laboratories developing for
control engineering in Vietnam. Besides, L=K-U 3)
following study [6] of Quanser, this paper
also implements other inadequate documents:
study [7] represents algorithms but
simulation and experiment are not shown,the  5(aL) 6L
study [8] introduces balancing control but a(%}‘%:
swing up the controller is not inferred.

This paper concludes of 5 sections: 0(dL) oL _ o . )
Section 1 presents researching direction, ot\oa ) Oa P

section 2 describes mathematical model;

section 3 lists control algorithms that are
based on a standard model for a survey;
section 4 shows simulation and experimental

results and section 5 gives a conclusion to , 1 , 1 , , .
end the paper. m,L, +ZmpLp —Zmpr cos(a)’+J, |0

2. MATHEMATICAL MODEL
2.1 Structure description

Lagrange operator is

By Euler-Lagrange method, dynamic
equations of system are

T_Brﬁ

Thence, final dynamic equations of RIP
are described as

—GmprLr cos(a))d

| - X | (5)
Structure of RIP is shoyv'n in Figure 1. +(—m L zsin(a)cos(a)jaok

Angle of pendulum and position of arm are R

a and B, correspondingly. System

1 . . :
parameters are listed in Table 2. +(EmprLr 5'”(“))0‘ =7-B.0
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—%mprchos(a)é+(Jp+%mpr2jd
1 . .

-7, L,? cos(a)sin(e)6” (6)
L | asin(e) = —B 4

_Em” ,gsin(a) =-B a

In order to make RIP in Figure 1 to suit
real-time  model, control signal s
transformed from momen of DC motor to
voltage that is applied to DC motor by
formula (7) below

_ KtVa _ KtKvB
R Ra

a

T

(")

where K., R,,V, will be listed in Table 2.

By method of motor identification in [9],
parameters of DC motor in Figure 4 are
shown in Table 1 below

Table 1. Motor parameters

L. (H) 0.250868

K, (V(rad/s)) 0.064943

R (Q) 6.835271
m

;| (Nm) 0.010764

J., (kgm?) 0.000134

C,, (Nm/(rad/sec)) 0.000048

2.3 Energy based method for swing up
control

To swing up pendulum from a downward
position to upward position, energy-based
method can be used to implement energy to
make pendulum to an upward position. The
total energy of system is

E=%m|2d2+mgICOSa (8)
Energy of system at upward position

ismgl . Thence, expected energy of system is

E, = mgl 9
Relation of input u and energy E is

E =mglug cosa (10)

Energy is increased if uccosa>0.
Therefore, to make pendulum to upward
position, signal u should be selected in order
to decrease (E—EO)Z.

U=-U, sgn((E-E,)acosa) (11)
_ [Upeeif (E—E;)ccosa <0 (12)
~Upa If (E—E, ) cosa >0
Table 2. System parameters
Para- Description Unit Value
meter
m, [Mass of pendulum kg 0.025
Lp Length of pendulum m 0.23
L, |Length of arm m 0.16
J, |Inertia momentofarm | kgm 0.0019
J Inertia moment of kem | 0.000466
P |pendulum
R, |Armature resistor Q 6.835721
K, [Motor torque constant | Nm/A 0.0198
KV Motor voltage Vs/rad 0.0198
constant
B, |Friction of arm No unit | 0.0017
Bp Friction of pendulum | No unit ~0
g |Gravity acceleration m/s? 9.81

3. BALANCING AND SWING UP
CONTROL

3.1 LQR control

Linear quadratic regulator (LQR) is a
linear controller. But, because the nonlinear
model of RIP, dynamic equations have to be
linearized around working point (upward
position).

X = Ax+BV, (13)
o 1 0 o] [0]
@l \od od oi oq o] |d@
| |0a 0d 0f Of |a| |dv, ' (14)
70 o o 1)lplT] o™
Pl |26 2 o B |p]|dB
0a da p op | |dv,]
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From (5), (6), (7) and, ¢ and £ are found
and then substituted into (14) to generate
matrixes Ava B in (15), (16) (We consider that

a,a, f, B, V, are0 at balancing position).

0 10 0

A_|1034346 0 0 —0.4417 (15)
| 0o o0 1

130311 0 0 -0.3175
B=[0 631 0 453 (16)

Matrixes Q and R are selected as unit
matrixes

1 0 0 O

o 0O 1 0 o0 -R=1 (17)
O 0 1 O
O 0 0 1

In Matlab, command K= dlgr (A, B, Q,
R) used to calculate feedback control matrix
K from matrixes A, B of the linearized model
and weighing matrixes Q, R. With matrixes
in (15), (16), (17), feedback control matrix is

K =[46.2600 4.7839 -0.8791 -1.3477] (18)

3.2 Swing up control

Swing up is used to move pendulum to
initial downward position —7 to balancing
position before pendulum is balanced by
LQR method. From (12), we recognize that
arm rotates in a positive direction when
u=u,, and in a negative direction when

u=-u,, (coordinate is shown in Figure 1).

When position of arm is over [-30,30]
degrees, an effect to motion of the arm is in
opposite direction. When the position of the
pendulum is in the range of [-15,15] degrees,
balancing LQR control is activated.

4. SIMULATION AND EXPERIMENT

In Figure 2, a RIP that is created with the
price of 3,000,000 VND concludes of mica
structure and an L-form iron bar as a
pendulum. System parameters in Table 2 are
the same in both simulation and experiment.

=

Figure 3. RIP in
balancing position

Figure 2. Real-time
RIP

Components in Figure 2 are

(2): Pendulum.

(2): Arm.

(3): Encoder 200 pulse/round to calculate ¢« .

(4): Control processor STM32F407 that s
programmed by Matlab and H-bridge BTS7960 to
control DC motor.

(5): DC motor that is combined with encoder 200
pulse/round to calculate £ (Figure 4).

(6): Voltage power supply 24VDC.

Figure 4. DC motor that is combined with
encoder 200 pulse/round of RIP (commercial
price is 200,000 VND)

4.1 Simulation results

With control matrix in (18) and initial
values of RIP are ¢=0.(rad); a¢=0(rad);

p=01(rad); B=0(rad), simulation results
are shown in Figure 5.

0.1
0.05
o
v

-0.05 |
-0.1
-0.15
0.2 \\ = Ll
-0.25 |

o 2 4 6 8 10
Time (s)

—— Angular position of the pendulum (rad)| |
— - -Angular position of the arm (rad)

Figure 5. Angles of pendulum and arm under
LQOR control
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Simulating of swing up process of
pendulum with parameters in Table 2, m =

0.025(kg), L, =0.23(m), g = 9.8(m/s), initial
values of system variables are [ (0),¢(0)] =

[ﬁ,O]Tand using LQR controller for

balancing control, through Figure 6, it spends
2s to move pendulum to the upward position
and keep it balanced there.

6 F

——Angular position of the pendulum (rad)
Angular posilion of the arm (rad)
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Figure 6. Angles of pendulum and arm under
swing up and balancing LQR control

4.2 Experimental results
4.2.1 Swing up

Experimental results show that it spends
5s to swing up pendulum from a downward
position to a upward position (Figure 7).

Angular position of the pendulum (rad)
- - -Angular position of the arm (rad) B

. .
500 1000 1500
Time (ms)

Figure 7. Angles of pendulum and arm under
swing up and balcncing LQR control in
experiment

4.2.2 Analysis of system responses under
changes in matrixes Q and R

Through trial and error test in
experiment, weighing matrixes Q va R are
selected as in (19) for good performance.

g, 0 0 07][w0000 0 0

Q:O G 0 0| 0 10 O,R:l (19)
000 g O 0 0500 0
00 0w9qf [0 001

K =[103.7946 105008 —18.6361 —7.4061] (20)

In matrix Q, components
G1» Oy U535 0y, Sequentially relate to the

angle of the pendulum, angle velocity of
pendulum, angle of arm, angle velocity of
arm. With K as in (20), experimental results
are in Figure 8 to Figure 11.

0202 | | |

6]

-0.02

-0.04
6]

500 1000 1500 2500 3000

Time (ms)

2000

Figure 8. Angle of pendulum (rad)

N LYo oo

2500

2000

1500
Time (ms)

o] 500 1000 3000

Figure 9. Angle velocity of pendulum (rad/s)
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Figure 10. Angle of arm (rad)
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Figure 11. Angle velocity of arm (rad)

2000

2500 3000

From matrixes Q, R in (19), components
Oiys Oop s Osgy Oy OF matrix Q and matrix R

are changes sequentially to examine their
effect on response of system.

Case 1: Increase q,, = 10000
10000 00 O O

o- 0 1.0 0

| 0o 05000 | (21)
0 0 0 1

K,=[143.9241 12,6167 -17.8804 -87311] (22)

Figure 12 shows that pendulum deviates
far from balancing position because control
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input signal is increased to focus on
pendulum angle. Thence, arm also deviates
far from standard position (Figure 17).

Case 2: Increase (,,= 100

1000 0 0 O

0 100 0 O R=1

Q: ’ -
0 0 500 0 (23)
0O 0 O 1

K,=[1182634 140747 -15.3651 ~7.2480] (24)

Angle velocity of pendulum increases
(Figure 23) when increasing q,, . This makes
pendulum to deviate from balancing position

(overshoot) and arm is un-stabilzed and
deviates far from balancing position.

Case 3: Increase q,, = 2000

1000 0 O 0

0 O0|,R=1

1
= 25
Q 0 0O 2000 O (25)
0 0 0 1
K3:[140.7661 147013 -36.3857 —12.2462] (26)

When increasing g,,, controller focuses

on arm controlling to balancing position
(Figure 19). It causes that pendulum angle is
not focused and deviates far from balancing
position.

Case 4: Increase q,,= 100

1000 0 0 O
o 1 o o |,R=1
— 27
Q 0O 0 500 O (27)
0O 0 0 100

K, =[156.1865 164435 -16.0521 -11.2380] (28)

In Figure 30, angle of arm deviates far
from balancing position. Thence, voltage
input signal is increased and it causes that
system is unstabilized.

Case 5: Increase R=10

1000 0 0O O
0 0]|,R=10
500 O
0o 1

1

29

o o (29)
0

Ks =[62.3470 6.3839 -6.1475 -3.1180] (30)

When increasing R, voltage control
signal is not big enough to response to keep
pendulum not far from balancing position.
Therefore, arm and pendulum vibrates in
long period around working point (Figure 16,
Figure 21).

Change in angle of pendulum in cases
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Figure 12. Angle of pendulum corresponding
to K, (rad)
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Figure 13. Angle of pendulum corresponding
to K, (rad)
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Figure 14. Angle of pendulum corresponding
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Figure 15. Angle of pendulum corresponding
toK, (rad)

o

2 , . . . ,
0.1

o TRTRTTIN
0.1

=5 500 1000 2500

1500 2000

Time (ms)

Figure 16. Angle of pendulum corresponding
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Change of angle of arm in cases
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Figure 17. Angle of arm corresponding to
K, (rad)
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Figure 18. Angle of arm corresponding to
K, (rad)
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Figure 19. Angle of arm corresponding to
K, (rad)
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Figure 20. Angle of arm corresponding to
K, (rad)
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Figure 21. Angle of arm corresponding to
K, (rad)
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Change of angle velocity of pendulum in
cases
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Figure 22. Angle velocity of pendulum
corresponding to K, (rad/s)
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Figure 23. Angle velocity of pendulum
corresponding to K, (rad/s)
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Figure 24. Angle velocity of pendulum
corresponding to K, (rad/s)
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Figure 25. Angle velocity of pendulum
corresponding to K, (rad/s)
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Figure 26. Angle velocity of pendulum
corresponding to K. (rad/s)
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Figure 27. Angle velocity of arm
corresponding to K, (rad/s)
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Figure 28. Angle velocity of arm
corresponding to K, (rad/s)

3000

500 1000 1500 2000
Time (ms)

Figure 29. Angle velocity of arm
corresponding to K, (rad/s)
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Figure 30. Angle velocity of arm
corresponding to K, (rad/s)
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Figure 31. Angle velocity of arm
corresponding to K (rad/s)
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From the sequential changes of q,,, d,,,
O, O, and R in experiment, it is recognized

that when one component is increased,
controller only focus on stabilizing the
variable that relates to that component. Other
varibles seem to be more unstabilized.

After 5 cases of survey, responses of
system suit the law of changing parameters
of LQR control. Thence, LQR can be
designed well and work well on this standard
model. However, because equipments are all
bought in market for student and mica
structure is weak, the model vibrates when
operating. This phenomenon is shown in
Figure 8, 10, 12, 13, 14, 17, 18, 109.
Moreover, cheap encoder on DC motor have
low resolution as 200 PPR, bigger than 1
degree. This causes that the feedback of
sensor is not accurate enough and controlling
is affected.

5. CONCLUSION

Through identifying process, controller
designing, response analysis on both
simulation and experiment, acceptable results
prove that real-time RIP in this paper is a
standard has exact dynamic equations and
system pararmeters. This standard real-time
model is suitable for testing controllers that
are designed based on exact model although
it is cheap and some hardware limitations
still exist. This model is appropriate to be
equipped with low expense for control
laboratories in Vietnam with low expense.
Identification gives adequate parameters of
system and dynamic equations are exact.
This success helps authors to design both
balancing and swing up controller for system.
Contemporarily, survey of LQR controller on
this model gives results that suits the
theoretical points of LQR method.
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