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ABSTRACT 

The paper proposed a balancing control for MIMO under-actuated systems. In this paper, 

human walking robots, the athlete robot, are researched. The dynamic equations of this model 

are generated by Euler Lagrange method. The balancing control on the stance phase is 

studied. Balancing on one leg is a basic behavior of athlete in order to developing other 

behavior controlling. The hierarchical sliding mode control algorithm is proposed. Numerical 

simulations show the method efficiency and robustness. 

Keywords: athlete robot; balance control; Euler-Lagrange; hierarchical sliding mode 

control; under-actuated MIMO system. 

TÓM TẮT 

Bài báo đề xuất phương pháp điều khiển cân bằng cho hệ thống under-actuated nhiều 

ngõ vào vào nhiều ngõ ra ra. Trong bài báo này, một hệ thống under-actuated được đưa ra 

làm đố tượng điều khiển là hệ robot vận động. Phương trình toán học của hệ robot trên được 

tính toán thông qua phương pháp Euler-Lagrange. Vấn đề điều khiển đặt ra là phải ổn định 

cho hệ robot đứng một chân cân bằng ở chế độ pha đứng (stance phase). Đó là một tư thế cơ 

bản của robot vận động trước khi phát triển các giải thuật điều khiển khác. Giải thuật điều 

khiển được đề nghị là điều khiển trượt thứ bậc. Các kết quả mô phỏng đã chứng minh được 

sự ổn định và tính bền vững của hệ thống.  

Từ khóa: robot vận động; điều khiển cân bằng; Euler-Lagrange; điều khiển trượt thứ bậc; hệ 

under-actuated MIMO. 

 

1. INTRODUCTION 

The control problem of two-legged robot 

has focused attention of a great number of 

researchers during the last years. The ZMP 

method and the controllers for stabilizing the 

balance during the walking were developed in 

[1, 2]. A walking robot model with elastic legs 

for hopping and jumping were studied in [3, 

4]. Ryuma Niiyama [5-7] presented the 

experimental results and the data processing 

system for a two-legged robot with elastic 

parts. The athlete robot (AR) as 

multi-input-multi-output system (MIMO) is 

studied in [11, 12] and [13-15]. The SIMO 

model is developed and the control problems 

of these under-actuated systems are specified. 

This paper analyses the underactuated 

model of the AR robot (Fig 1) in the stance 

phase. The conditions of the balancing 

posture are discussed. Control algorithms are 

developed by using linear feedback 

techniques or hierarchical sliding methods. 

The paper has the following structure: 

Section 2 analyses complete dynamic 
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equation of AR. Section 3 treats the control 

algorithm and presents the simulation results. 

Section 4 is dedicated to conclusion. 

2. MATHEMATICAL MODELLING 

2.1 Dynamic Equation 

The elastic legs of a disabled people 

were proposed, first, by Ryuma [5-7], (Fig. 

2). The two torques of a classical actuation of 

a walking robot are substituted by a single 

torque of the elastic component of the leg 

(Fig 3). 

  

Fig. 1. Elastic legs for 

disabled people [16] 

Fig. 2. Equivalent  

robot 

 

Fig. 3. 

Correlation 

between solid leg 

and elastic leg 

 

Fig. 4. 

Self-balance position 

of elastic legs 

An AR can be modeled in mathematical 

form in Fig. 5, including five links. The 

geometric characteristics are the following:  

- Link 1 and link 5 are elastic round with 

radius r . The centers of each round of 

link 1 and 5 are 1A  and 5A . The 

contact points of link 1 and 5 to the 

nearest links (link 2 and 4) are 
1O , 

4O . 

Mass of link 1 and 5 are very small to 

mass of other links. 

- Link 3 is the body of AR, with length 

3 0l  . Link 3 occupies almost the mass 

of whole robot 3 imm  with 

1,2,4,5i   

- Link 2 and 4 are solid links. 

- The elastic legs are designed as in self- 

balance position : 
2

i i i iAO x AC x


   ( no 

external forces effect) (Fig. 4).  

System parameters are listed in Table I 

and the coordinates of important points of 

AR are presented in Appendix.  

Table.1: Variables and Parameters of AR 

Para-meters Unit Description 

im  kg  

Mass of link i   

 1,2,3,4,5i  ; 

1 5m m ; 2 4m m  

il  m  

Length of link i   

 2,3,4i  ; 2 4l l ; 

3 0l   

1  rad 

Angle between 

vertical axis with 

link 1 and 

1 1 1C O y   

i  rad 

Angle between 

link I with the next 

link  2,3,4,5i   

iI  kgm
2 Inertial moment of 

link i  

r  m  
Radius of round 

part of link 1 and 5 

k  Nm rad  Rotational spring 

coefficient  

 

Fig. 5. Mathematical form of AR 



Journal of Technical Education Science No.47 (05/2018)  

Ho Chi Minh City University of Technology and Education  
11 

 

 

Behavior of elastic leg is determined by 

Castigliano’s Theorem [17] which provides a 

good tool for analyzing forces on curved 

components. AR can be regarded as 

equivalent inverted pendulum, Fig 6. Elastic 

legs are equivalent to springs. 

 

Fig. 6. Equivalent Pendulum Model: 

a)-as linear spring  b)-as rotational spring 

Consider the equivalent model of Fig 6b. 

The elastic strain potential energy will be  

2

1

1

2
strainP k                       (1) 

The global potential energy is:  

5

1

i Ci strain

i

P g m y P


                  (2) 

 
5

2 2 2

1 2 2

i i
Ci Ci i

i

m I
K x y 



 
   

 
          (3) 

By using the Lagrange operator  

L K P                           (4) 

dynamic equations generated from 

Euler-Lagrange method will be 

i

i i

L d L

dt


 

  
  

  

  2,3...,5i           (5) 

1 1

0
L d L

dt 

  
  

  

                   (6) 

Equations (5) and (6) can be rewritten 

into matrix form: 

   ,i i iJ F                      (7) 

Where: 
 

 

1 2 5

2 3 4 50

T

T

   

    

 




           (8) 

The matrices J and F are so long and 

complicated to be listed here. But these 

matrices can be calculated by computer 

program (by MATLAB/SIMULINK).  

2.2 Equivalent Model 

To solve the complex model (7), an 

equivalent model (EM) as presented in Fig 7, 

8 is proposed, where the parameters are listed 

in Table 2 and the angle *  is assumed to 

consist of two elements:  

- The element
2  , which is not effected 

by motion of links 3, 4, 5. 

- The element  , which is caused by 

motion of links 3, 4, 5.  

  

Fig.7. Equivalent 

model in balance 

position 

Fig. 8. Motion of 

equivalent model 

Table. 2: Variables of EM 

Parameters Unit Description 

*l  m  

Distance from new 

center of the upper part 

(including link 2, 3, 4, 

5) to the root of link 1 

 *

1l O C  

*I  
2kgm  

Inertial moment of 

upper part (including 

link 2,3,4,5)  

m  rad 

Equivalent mass of 

upper part (including 

link 2,3,4,5) 

*  rad 
Angle between link 1 

and link 2  *     

The parameters of Table II are 

5

2

i

i

m m const


                      (9) 
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   
2 2*

1 1C O C Ol x x y y              (10) 

 
2

* *I m l                         (11) 

* 1
1

1

arctan C O

C O

x x

y y
   

 
     

 

      (12) 

The co-ordinate of center of mass C is: 

5

2

Ci i
C

i i

x m
x

m

                      (13) 

5

2

Ci i
C

i i

y m
y

m

                      (14) 

The kinetic and elastic strain potential 

energy of EM are: 

     
2

2 2 2 2 21 1
1 1 1 1

2 2 2 2
C C C C

m Im I
K x y x y             (15) 

2

1
2

strain

k
P                        (16) 

Total potential energy will be  

1 1C C strainP m gy mgy P                 (17) 

By using the Lagrange operator (4), 

dynamic equations of EM by Euler-Lagrange 

method are 

1 1

0
L d L

dt 

  
  

  

                  (18) 

2* *

L d L

dt


 

  
  

  
                 (19) 

Dynamic equation (18), (19) can be 

re-written into matrix form: 

11 12 11

*

21 22 2 2

0

fJ

J J f

J J f





      
       

      

          (20) 

Where 

 

 

2
* 2 2 *

3 1 1 3 1 4

2 2 * * *

1 4 1 4 1

* *

1

1

1 2

2 2

2

m rcos I m m l m

mr m r l mcos I mrcos

l mrc

J

os

   

   

 

    

    





 

 (21) 

   
2

* * * *

2 2

*

1 4 11 I l m l mcos l mrcoJ J s       (22) 

 *

22

2
*m lJ I                    (23) 

 

 

 

* *

1 3 1 1 4 1 1

2 2 * 2 *

3 1 1 1 4 1 1 1 1

* * *

1

1

1

k g m sin g msin gl msin

m rsin m rsin l m rsin

l m r s

f

in

      

        

   

    

    



 

 (24) 

   

 

* 2 * 2 *

1 4 1 1 1*

* * * *

4 1

2

1 1

gsin sin rsin
l m

sin r sin
f

       

       

     
 
  








 (25) 

The effects of motion of upper part can 

be decreased if the following conditions are 

satisfied: 

- Length of link 2 is small. 

- Mass of link 3 is much bigger than mass 

of other links 

- Link 2, 3, 4, 5 are controlled in good 

set-point positions. 

Depending on these conditions, two basic 

different cases are listed below.  

- Case 1: system parameters are: 

1 0.1( )m  ; 
2 0.2( )m  ; 0.4( )r m ; 3 1r   ; 

4 2 r   ; 
1 0.001( )m kg ; 

2 0.01( )m kg ; 

3 0.7( )m kg ;  2

1 0.001( )I kgm ; 2

2 0.01( )I kgm ; 

2

3 0.1( )I kgm ; 3 0( )l m ; 
2 0.2( )l m ; 

 29.81g N kgm ;  20.2k N kgm .      (26) 

In this case, ranging of equivalent 

parameters of EM is: 

2 20.0279( ) 0.0282( )kgm I kgm  ; 

   0.1965 0.1978m l m  ; 

   0.009 0.009rad rad              (27)  

- Case 2: : system parameters are:  

1 0.1( )m  ; 
2 0.2( )m  ; 0.4( )r m ; 3 1r   ; 

4 2 r   ; 
1 0.01( )m kg ; 

2 0.1( )m kg ; 
3 0.5( )m kg ; 

2

1 0.001( )I kgm ; 2

2 0.02( )I kgm ; 2

3 0.1( )I kgm ; 

3 0( )l m ; 
2 0.2( )l m ;  29.81g N kgm   (28) 

In this case, from (9)-(11), ranges of 

equivalent parameters of EM are: 

2 20.019( ) 0.031( )kgm I kgm  ;    0.165 0.210m l m  ; 

   0.17 0.17rad rad                  (29) 
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3. CONTROLLER DESIGN 

3.1 Linear Feedback Control  

Consider a linear LQR control [9] and 

the linearized model of (20), defined around 

the point 0q  

2q Aq B                        (30) 

where: * *

1 1

T

q       
           (31)  

At the selected reference point (Fig 7), 

 0 0 0 0 0
T

q  , the system is proved to be 

controllable.  

The weighted matrix is chosen as unit 

matrix   

 5,5Q diag ; 1R                  (32) 

The control law is selected as 

* *

2 1 1 2 1 3 1 4 1K K K K                 (33) 

Where  1 2 3 4K K K K K  is obtained by 

associated Ricatti equation. 

Case 1:  

From (26), (30), (32), feedback control 

matrix is calculated as: 

 1.7829 0.7094 3.9039 0.9368K     

Responses of EM are shown in Fig. 9, 10 

 

Fig. 9. Trajectories of 1  and    with no 

effect from motion of upper part  0   

 

Fig. 10. Trajectories of 1  and *  for the 

random effect of upper part from time 0s to 

10s and from time 0s to 50s 

Case 2:  

From (28), (30), (32), feedback control 

matrix is calculated: 

  1.5223 0.6210 3.5961 0.8557K     

 

Fig. 11. Trajectories of 1  and   with no 

effect from motion of upper part  0   

Fig. 11 shows good response when there 

is no-effect of upper part. But, with the 

motion of upper part, LQR controller cannot 

stabilized the system. Therefore, we remark 

that the quality of motion is not sufficiently 

good. 

3.2 Sliding Mode Control 

The dynamic model (20) can be 

re-written as: 

* *

1 1 2

* * *

2 2 2

f b

f b

 

 

  


 

                     (33) 

Based on [10], process of designing 

hierarchical sliding control is introduced 

from (34) -(43) as 

 

Fig. 12. Hierarchical sliding surfaces 

structure for system which has one control 

input and four output variables 

Sliding surfaces are 

1 1 1 1s c                         (34) 

* *

2 2s c                          (35) 

Where: 1 2, 0c c                    (36) 

The derivative with respect time of (34), 

(35) yields  

* *

1 1 1 1 1 2s c f b                      (37) 

* * *

2 2 2 2 2s c f b                     (38) 
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The equivalent controls are 

 * *

1 1 1 1 1equ c f b                 (39) 

 * * *

2 2 2 2equ c f b                 (40) 

Define 

1 1 1S a s                           (41) 

2 2 2 1S a s s                         (42) 

Hierarchical control law is inferred [10] as 

     

   
1 2 1 1 2 1 2 2 2 2 2

2

1 2 1 2 1

sgneq eqa a b u a b u k S S

a a b a b




  



  (43) 

In order to obtain a good quality of 

motion, the control parameters are selected 

by genetic algorithms as 

1 0.01a  ; 
2 2.42a  ;

1 5.94c  ; 
2 1.04c  ; 

2 7.96k  ; 
2 2.8                        (44) 

Case 1: Responses of EM from the 

parameters (43) are shown in Fig. 13, 14  

 

Fig. 13. Trajectories of 1  and *  with no 

effect from motion of upper part  0   

 

Fig. 14. Trajectories of 1  and *  for the 

random effect of upper part from time 0s to 50s 

Fig 13, 14 show the good quality of the 

sliding control comparative with LQR control.  

Case 2:  Responses of EM from the 

parameters (43) are shown in Fig. 15-18  

 

Fig. 15. Trajectories of 1  and    with no 

effect from motion of upper part  0   

 

Fig. 16. Trajectories of 1  and *  for the 

random effect of upper part from time 0s to 

10s and from 0s to 50s 

 

Fig. 17. Trajectory of 

1  for the random 

effect of upper part 

from time 0s to 5s 

 

Fig. 18. Trajectory 

of *  for the 

random effect of 

upper part from time 

0s to 5s 

3.3. Mixed Controller for Balancing 

Define: i i ide     with  1,2,...5i   (45) 

where:  1 2 5

T
            (46) 

  1 2 5

T

d d d d            (47) 

  1 2 5

T
e e e e            (48) 

Dynamic equation from (7) can be 

re-written as: 

 

 

1 1

3 4 5

1

2

0 0

0 0 0 0

T

T

J F J

J

   



 



  



       (49) 

A proportional controller for link 3, 4, 5, 

is proposed 

i pi iK e    ( 3, 4,5i  )                (50) 

Assume that 
d const            (51) 

 0d d                         (52) 

Also, define: 

     

 

* * * *

1 2 5

* * *

1 2 5

1 1

3 4 5

, , ,

0 0

T

T

T

d

f f f f

f e e f e e f e e

J F J     

   

   

  

       (53) 
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Substitute (52) into (53), yields 

 * 1 1

3 4 50 0
T

f J F J               (54) 

Define 

     

* * * *

1 2 5

* * *

1 2 5, , ,

T

T

b b b b

b e e b e e b e e

   

   

         (55) 

where *b  is second column of matrix 1J  . 

From (49)-(55), system structure will be: 

* *

2i i ie f b    ( 1, 2, ,5i  )          (56) 

Structure of hierarchical sliding surfaces 

is shown in Fig. 19: 

 

Fig. 19. Hierarchical sliding surfaces 

structure for system which has one control 

input and five output variables 

i i i is c e e   ( 1, 2,...5i  )             (57) 

Hierarchical control law is inferred as: 

*

*

i i i
eqi

i

c e f
u

b


                     (58) 

Then, hierarchical sliding surfaces are 

obtained: 

1

nn

n j r

r j r

S a s
 

 
  

 
    ( 1, 2,...5i  )     (59) 

Final control law for controller is  

 
55

5 5 5 5

1

2 55

1

sgnj r eqr

r j r

j r

r j r

a b u k S S

a b




 

 

 
  

 


 
 
 

 

 

  (60) 

The control parameters are selected by 

genetic algorithms as: 

1 0.04a  ;
2  8.06a  ; 

3 6.01a  ; 
4 2.14a  ; 

5 5.83a  ; 
1 5.85c  ; 

2 5.85c  ; 
3 6.37c  ;  

4 2.28c  ; 
5 3.22c                     (61) 

1 41.44pK  ; 
2 39pK  ; 

3 22.74pK     (62)  

The references of balancing position are 

chosen as: 

 0 0 0 0.1 0.3
T

d                (63) 

Case 1: With control parameters in (61), 

(62), system parameters in (26), (27) 

 

Fig. 20. Response of Link 1 

 

Fig. 21. Response of Link 2 

 

Fig. 22. Response of Link 3 

 

Fig.23. Response of Link 4 

 

Fig. 24. Response of Link 5 

Case 2: With control parameters in (61), 

(62), system parameters in (28), (29) 

 

Fig. 25. Response of Link 1 

 

Fig. 26. Response of Link 2 
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Fig. 27. Response of Link 3 

 

Fig. 28. Response of Link 4 

 

Fig. 29. Response of Link 5 

From Fig. 20-29, the simulation results 

show that transformation from MIMO system 

to SIMO makes the system balanced in 

operating position. The robustness of 

hierarchical algorithm is guaranteed by [10]. 

Although settling time is still long, the 

responses can be improved by better solution 

for control parameters by searching algorithm.   

4. CONCLUSION  

In the paper, authors generalized the 

dynamic equation of AR through 

Euler-Lagrange. Then, this model was used 

to implement linear and hierarchical sliding 

control. The simulation results proved the 

robustness of sliding control. Moreover, 

based on the mathematical calculation in 

dynamic equation, the hierarchical sliding 

control was developed to implement an 

under-actuated MIMO system. All simulation 

results confirm that. 
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APPENDIX: 

Co-ordinate of important points and links of AR in Fig. 5 are listed below: 

3 1r   ; 
4 2 r   ;

1_ 0 0Cx  ; 
1_ 0 1Cy  ; 

1_ 0 0Ax  ; 
1_ 0Ay r ;

1_ 0 0Ox  ; 
1_ 0 2Oy  ; 

1 1_ 0 1A Ax x r  ; 
1Ay r ; 

1 1 3 1sinC Ax x    ; 

1 1 3 1cosC Ay y    ; 
1 1 4 1sinO Ax x    ;  

1 1 4 1cosO Ay y    ;  2 1 2 2 1sinO Ox x l     ;  

 2 1 2 2 1cosO Oy y l     ;  2 1 2 2 1sin 2C Ox x l     ;  

 2 1 2 2 1cos 2C Oy y l     ; 
3 2 3 2 1O O x      ;  

4 3 4 3 2 1O O y         ; 
5 4 4 3 5C O y O O y    ;  

3 2 3 3 2cosO Ox x l O O x  ; 
3 2 3 3 2sinO Oy y l O O x  ; 

4 3 2 4 3cosO Ox x l O O y  ; 
4 3 2 4 3cosO Oy y l O O y  ;  

 3 2 3 2C O Ox x x  ;  3 2 3 2C O Oy y y  ; 

 4 3 4 2C O Ox x x  ;  4 3 4 2C O Oy y y  ; 

 5 4 1 2 5 4sinC Ox x C O y     ;  5 4 1 2 5 4sinC Oy y C O y      
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