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TOM TAT
Phuwong phap HFEM la mét ham dang noi suy cua phwong phdp phan tir hitu han, giup.
ta thiét lp hé thong ledi phdn tr mot cach trat ty va co thé futy bién trén cdc bé mat vit thé
phikc tap nham cho ra két qua chinh xdc. Phwong phdp phan tir hitu han FEM |& phwong
phdp sé gan ding dé gidi cdc bai todn dwrge mé ta béi cde phwong trinh vi phan dao ham
riéng trén mién phan tir xdc dinh c¢é hinh dang va diéu kién bién bt ky, ma nghiém chinh
xdc khéng thé tinh dwoc bang phwong phdp gidi tich. Phwong phdp phdn tir hitu han
hierarchical la mot truong hop ddc biét cua phwong phdap Rayleigh-Ritz[1-2], su khdc biét
I6m nhat cia FEM va HFEM la ham néi suy. Mdc div HFEM c¢6 nhiéu diém chung véi cdc
phitong phép Rayleigh-Ritz ¢é dién nhung viéc sir dung cdc ham chuyén vi HFEM ¢ tinh
linh hoat cao hon va cai thién ty Ié hoi tu ciing nhuw tinh chinh xdc cao hon. Viéc nghién cuu
vé cdc linh viee ndy khong chi dé giai quyét nhitng yéu cau ky thudt hién dai ma con chimg
minh cho viéc sir dung cdc Iy thuyét nang cao [3] dé khdc phuc nhitng gidi han cia Iy thuyét
co ban vé co hoc vit liéu [4-5].

Tir khéa: phwong phdp phdn tir hitu han; HFEM; FEM; phuwong phdp Rayleigh-Ritz; ham
noi suy.

ABSTRACT

The HFEM method, as an interpolation of the finite element method (FEM), allows us
to set up a molecular grid system in an orderly and customizable way on complex object
surfaces to produce accurate results. Finite element method is an approximate numerical
method for solving problems described by partial differential equations on the bounded
domain of any shape and boundary condition with which the precise solution of the
equation system cannot be obtained algebraically. Hierarchical Finite element method
(HFEM) is a special case of the Rayleigh-Ritz method [1-2] and the biggest difference
between FEM and HFEM is the interpolation function. Although HFEM has much in
common with the classical Rayleigh-Ritz methods, the results of approximation functions in
HFEM method is greater flexibility and improved convergence rates as well as greater
accuracy. Research in these areas not only solves modern problems technical requirements,
but also demonstrates the use of advanced theories to overcome the limitations of the
fundamental mechanics of materials.

Keywords: Finite element method; HFEM; FEM; Rayleigh-Ritz method; the interpolation
function.

1. GIOI THIEU

Trong HFEM tinh chinh xac cia cac kich thudc mat ludi va sé nat. Thir hai, khi
giai phap dugc cai thién bang cach tang muc  tho ty cua Hierarchical Mode dugc tang
do da thtrc ma khong lam anh hudng dén kich thudc ctia ma tran d¢ cing phan tuo va
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khéi luong ciing duge gia ting va cic ma
tran phan tir va khéi lugng ban dau duogc cai
san trong nhitng cai mdi. Vi chung dugc
thay voi cac gia tri riéng dé tinh, luon tiép
can cac gia tri thuc va luén c6 nhitng rang
budc trén cac gia tri thuc do6. Thur ba gia tri
riéng bang cac HFEM luén cho xép xi tbt
hon so v6i FEM théng thuong va cudi cung
nhung khong kém quan trong do6 la trong
HFEM c6 md hinh c4u tric don gian.

2. HAM DANG HIERARCHICAL

Ham dang hierarchical 1a mgt dang dac
biét ctia phuong phap Rayleigh-Ritz cb dién.
Su khéc biét duy nhét 1a viéc lua chon céc
phuong phép ndi suy. Thong thuong phuong
phép phan tir hitu han quan tdm cac khu vuc
sau do chia thanh khu vuc phu nhé hon,
khong nhat thiét phai gidng hét nhau, duoc
goi 1a phan tir hitu han. Céc giai phap ndi
suy xap xi nay dugc cac ham da thuc thuc
h1en trong cac mién va lién tuc trén moi
mién phu.

Cac ham dang hierarchical duoc thiét 1ap
dua trén cac ham dang bac da thic. Trong bai
nay, chung ta da Iya chon céc bac p cia ham
da thirc. Cac bac da thuc nay s€ dugc lua
chon theo thu tu, trong d6 co6 tinh chét cac
ham twong Umg v6i mot ham xdp xi cua bac
thap tao thanh mot tip hop cic ham tuong
g véi mot ham xap xi bac cao. Tap hop cac
bac da thirc dugc sir dung trong bai bao hién
tai duoc bat nguén tor ham da thuc Legendre
cua Rodrigues:
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Chuyén vi u x4c dinh boi dinh dang u;
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Trén co so cac yéu tb {(i,n]—ls En< 1},
ta lap duogc cac canh, dinh, mat. Cac da thuc
hierarchical cta da tr¢ nén don gidn gom céac
ham dang bén trong.
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Hinh 1. Phan tr tir gidc bon niit
2.1 Ham dang dinh

Bén dinh 13 cac ham tuyén tinh.

NEO=5 =0 N =2 =t
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2.2 Ham dang canh
Ham dang cua cac canh (p22, 4(p-1))
ham dang (cac canh) két hop véi cac nit giira.

N&(@Em) = f(En) 4

Trong d6 E dé cap dén thuc té rang day
1a cac canh, k la bac da thirc cua cac yéu t6, i
1a s6 canh. Chung duoc viét thanh:
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2.3 Ham dang mat

Ham dang mat (p2>4, (p-2)(p-3)/2)
két hop voi cac nut trong tAm cia 9 nut
Chiing con dugc goi 1a cac ham 4o.

Ng®® =(@1-&E%)(1-7%) (6)

, \ \ . 400 ~ 4
Céc ham dang con lai la Ny va cac da

thirc Legendre nhu:

NG =NG2%R(E). NG™ = NP7,

Ng™ = Ng“°R,(7), N&2 = NP, (&),

NS =Ny P,(),  Ng** =Ny *°P(£)P,(n)

NS0 = NJPR,(E), NO™ = NJ°R,(p),

NI = NSRRI =N R )R ), ()
NI NERE), N NR ),

Nssl N400p(§)|31(77), N§'1’3=N;'0'0P1(§)P3(’7)1
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Céc yéu to chi yéu lién quan, ndi suy
u(&,n) duoc viét theo:

u(&,n) = Zd Ng, +Z{Zd NEJ}

k=2| j=1

(8)

£ T i
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Sb lugng cac phuong trinh lién két véi
mot bién gdm cac giai phap nhu sb bac tu do
cho dinh, canh, mit. S6 lwong cic phuong
trinh lién quan v6i nhau dé da thirc duoc dua
ratrong Bang 1.

Bing 1. Bang biéu do so6 bdc tw do cho phan

tr gidc.
P | Cac nit | Cac canh | C4c mat | Tong cong
1 4 4
2 4 4 8
3 4 8 12
4 4 12 1 17
5 4 16 3 23
6 4 20 6 30
7 4 24 10 38
8 4 28 15 47

Céac yéu to chi yéu lién quan, ndi suy
u(&,n) duoc thé hién:

4 p 4
u(g.m) =2 d;Ng +Z{de’\'é}

j=1 k=2 | j=1

N AN
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Hinh 2. Ny °° (lef), No*° (middle), No*° (right)

3. UNG DUNG
Khao sat tim thép co:

» Chiéu rong a =5 mm, chiéu cao b =5 mm,
do day t = 1 mm, vong tron c6 R=1mm,

» Mo dun dan hdi vat liéu E= 2*10°MPa
» Hé sb Poisson v = 0.3
Bai toan phan tich tinh nhim danh gia do
tin cay cua gidi thudt tdc gia, md hinh chia
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lui phan tir s& duoc trinh bay trong Hinh 3, su chénh l¢ch gilta két qua tac gia va ning
Két qua cua nang lugng bién dang s€ dugc luong chinh xac.
trinh bay trong Bang 2 va Hinh 4 s& cho thay

Hinh 3. M6 hinh tam 2D chiu tic dung ciia liec kéo

Bdng 2. Nang luong

p 4x4 6x6 10 x 10
1 1.234781201678460 1.24539352047314 1.252090794826700
2 1.250643944762530 1.25560416492487 1.257338757220810
3 1.253472086993030 1.25686799779477 1.257663905027610
4 1.254432185801750 1.25704426855534 1.257681896607770
5 1.254601201840920 1.25706108629326 1.257682897884160
6 1.254659470373570 1.25706650402698 1.257683447121430
7 1.254711480398780 1.25707242680776 1.257684113912230
8 1.254760072521120 1.25707872801340 1.257684853657300

1.260000000000000

1.255000000000000 -

1.250000000000000 -

1.245000000000000 - —

1.240000000000000 -

Hox6
1.235000000000000 -
= 10x 10

1.230000000000000 -

1.225000000000000 -

1.220000000000000 -

Hinh 4. Biéu do két qua U
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Nhén xét:

Tir cac s6 liéu trong Bang 2 cho thy véi
ludi phan tir ¢6 kich thudc ludila 4 x 4, 6 X 6
va 10x10ta thdy duoc su sai sd cua ning
luong co6 sy chénh 1éch. Tuy nhién khi so
sanh v&i nang luong chinh xac chung ta co
thé nhan théy duoc su sai s6 dang ké khi ta

17

chia ludi nho va ludi 16n cling nhu sy lam
min ludi anh hudng dén sy that thoat nang
lwong. Viée thay doi ludi min hon din dén
két qua hoi tu tdt hon, cling nhu sai s6 do
tinh toan s& it hon, két qua cho ra chinh xéc
va dang tin cdy hon so véi FEM.

1.260 = = ™
ey = = —4—FEM

1.250 - =l—pFEMp =2

1.240 / pFEMp=3
=——nFEMp =4

1.230 P P
=#=pFEM p =5

1220 T T T T T T 1 pFEM p - 6

Ax4 5x5 bxb6 Ix7 8x 8 9% 9 10x 10

Hinh 5. Biéu do két qua sai sé

Dé danh gia sy hdi tu va cling nhu sai so
cua FEM so voi cac HFEM, tac gia s€ khao
sat sai s0 cua FEM va HFEM qua cac ludi

chia khac nhau, két qua dugc cho trong Bing
3 va d6 thi danh gia sai s6 theo ting béac da
thirc dugc thé hién trong hinh 5.

Bdng 3. Sai sé cia HFEM va FEM

4x4 5x5 6 X6

X7 8x8 9x9 10x 10

FEM 1.234781202 | 1.241594256 | 1.245393520

1.247900421 | 1.249697102 | 1.251046321 | 1.252090795

HFEM p =2 | 1.250643945 | 1.254125082 | 1.255604165

1.256389336 | 1.256853028 | 1.257145466 | 1.257338757

HFEM p =3 | 1.253472087 | 1.255997714 | 1.256867998

1.257260717 | 1.257467380 | 1.257587983 | 1.257663905

HFEM p =4 | 1.254432186 | 1.256372919 | 1.257044269

1.257352008 | 1.257517961 | 1.257617512 | 1.257681897

HFEM p =5 | 1.254601202 | 1.256419337 | 1.257061086

1.257359142 | 1.257521354 | 1.257619283 | 1.257682898

HFEM p =6 | 1.254659470 | 1.256433948 | 1.257066504

1.257361678 | 1.257522738 | 1.257620122 | 1.257683447

HFEM p =7 | 1.254711480 | 1.256448697 | 1.257072427

1.257364597 | 1.257524379 | 1.257621133 | 1.257684114

1.254760073 | 1.256463771 | 1.257078728

HFEM p=8

1.257367765 | 1.257526180 | 1.257622251 | 1.257684854

Nhan xét:

Tir bang s6 liéu chuyén vi U bang (1) va
sai s6 bang (2) ta d& dang thiy duoc xét dudi
dang tim 2D su chia lu6i caa FEM thay doi
dang ké nhung muc do sai s6 cua pFEM thi
khong nhiéu. Tur biéu do sai sd cia pFEM
chdng ta c6 thé két luan rang su sai s6 va toc
d6 hoi tu cua pFEM tét hon.

4. KET LUAN

Trong bai tac gia da tién hanh phan tich
cac tam dudi dang 2D. Két qua tir HFEM
dugc so sanh véi nhimg FEM dé chung
minh hi¢u qua va d¢ chinh xac cia HFEM.
Thuong phan tir cia phwong phap phan hiru
han dugc phat trién bang Mindlin bao gdm
bon nit, trong d6 mdi nut c6 nam bac ty do.
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Vi¢c xay dung hierarchical cai thién kha
ning cua cac phan tir biang cach 1am cho
mirc d6 xép xi da thirc dé c6 xu hudéng dén
vO cung.

Céac chuong trinh lién quan dén tinh cong
thire va da thic thuc hién bang viéc sir dung
phan mém MATLAB. Céc thudc tinh phan tir
nhu ma trin d6 cang va chuyén vi da duoc
tinh toan bang sé st dung cac thdng sé khao
sat tu thuc tién ciing nhu cac cong trinh
nghién ctu khac. Nhimg dén ti 16, mo dun

dan hoi anh huong cit ty 16 mo dun, cau hinh
va diéu kién bién duoc xem xét trong nghién
ctru tham sb. Cac cong viéc thuc hién luan
van da cung cap mot sé két luan vé viéc thuc
hién caa cac cong thuc HFEM dua trén ly
thuyét bién dang dé cat. Po chinh xac cd thé
thu dugc bing cach ting sé lwong cua cac
phan tir. Mot so sanh cia FEM va HFEM c6
thé chimg minh duoc sy chinh cac ciing nhu
khac nang hoi tu cia HFEM vuot troi hon so
véoi FEM.
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