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ABSTRACT

Currently, when analyzing kinematics of machines and mechanism, most students in universities
often use a familiar method (called graphical kinematic analysis) that sketches position, velocity, and
diagrams. Graphical kinematic analysis is considered as a simple, intuitive approach but less
accurate because values of kinematic quantities are measured from graphical vector diagrams.
Moreover, when the input parameters such as length of links, angular velocity of the input link... are
changed the calculation process must be repeated from the beginning that consumes much time.
Kinematic analysis is a more advanced method thanks to using precise mathematical operations and
easy to automate. There are many kinematic analytical methods introduced in some documents in
universities but most of them are difficult to use because of complicated application. Using the
transformation matrix to analyze kinematics of planar mechanisms is considered as an appropriate,
easy-to-use method that can overcome drawbacks of the graphical method. In order to assist students
step by step to apply a new method of calculating planar mechanism kinematics, this article will detail
the steps of applying the transformation matrix to analyze kinematics of one specific planar
mechanism. Finally, the article will show the graphs of location, velocity, and acceleration obtained
from a program written in MatLab programming language.

Keywords: Transformation matrix; Analytical kinematics; Planar mechanism; Quick return
mechanism; Machine design.
TOM TAT

Hién nay, khi thiét ké tinh todn déng hoc co cdu may, sinh vién ¢ cdc truong dai hoc thuwong S
dung phirong phdp quen thugc vé hoa dé vi tri, van téc va gia téc (con goi la phwong phép hinh hoc).
Phan tich dgng hoc bang phicong phdp hinh hoc ¢6 wu diém la don gian, truc quan nhung cé nhiroc
diém lon la cong kenh, thiéu chinh xdc do gid tri cdc dai luong dong hoc duoc do tur cdc hoa dé vecto.
Hon nira, mét khi thay déi cdc théng sé dau vao nhw kich thudc cdc khdu, van téc géc khdau ddn... thi
qui trinh tinh todn phdi thuc hién lai tir dau, ton céng va mdt rdt nhiéu thoi gian. Bong hoc gidi tich la
mét phurong phdp tién tién hon nho ding cdc phép todn chinh xdc va dé thyc hién tw dong. C6 nhiéu
phirong phdp déng hoc gidi tich dwoc gidi thiéu trong cde tai liéu ¢ cdc trwong dai hoc nhung hau hét
chung rat khé dung vi tinh phuc tgp khi dp dung. Dung ma trgn chuyén vi phdn tich dong hoc dong
hoc co cau phang la mét phwong phdp thich hop, dé sir dung va cé thé khdc phuc cdc nhwoc diém cia
phirong phdp hinh hoc. Nham hé tro' sinh vién tirng budc dp dung mét phirong phdp méi tinh todn
déng hoc co cdu phang, bai bdo nay sé trinh bay mét cdch chi tiét cac buéc g dung ma tran chuyén
Vi dé thuc hién phdan tich dong hoc mét co' cdu phang cu thé. Cudi cing, bai bdo sé biéu dién cdc do
th vi tri, vdn téc, gia toc nhdn dueoc tir chuong trinh dwoC viét tir ngoén ngi 1dp trinh MatLab.

Tir khéa: Ma tran chuyén vi; Bong hoc gidi tich; Co cdu phang; Mdy bao ngang; Thiét ké mady.
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1. INTRODUCTION

In planar mechanism, kinematic analysis
can be performed either analytically or
graphically [1]. Graphical kinematic analysis is
considered as a simple, intuitive method but
less accurate and very difficult to use by
computer-aided methods. Analytical
kinematics is based on the matrix called
transformation matrix which is established by
trigonometric functions in terms of rotation
angle of links. Then, for a given value of the
position (or orientation) of the input link, the
algebraic equations are solved for the position
and/or orientation of the remaining links. The
first and second time derivative of the algebraic
position equations will provide the velocity and
acceleration equations for the mechanism. For
given values of the velocity and acceleration of
the input link, these equations are solved to
find the velocity and acceleration of the other
links in the system [1].

In order to assist students step by step to
apply a new method of calculating planar
mechanism kinematics, this article will detail
the steps of applying the transformation
matrix to analyze kinematics of one specific
planar mechanism. Finally, the article
presents the graphs of location, velocity, and
acceleration obtained from a program written
in MatLab programming language.

2. THEORETICAL BASIS

A mechanism (or linkage) is considered as
a collection of the links that are interconnected
by kinematic joints forming a single or
multiple degree-of-freedom chain. One link is
designated the frame because it served as the
frame of reference for the motion of all other
links [2]. Links are the individual parts which
are considered rigid bodies. Theoretically, a
true rigid body does not change shape during
motion. A joint is a movable connection

between and allows relative motion between
the links. The two primary joints are revolute
and sliding joints. Linkage can be either open
or closed chains (Fig.1,2) [2].

A

Link 3

Link 1

Link 0 (frame)

Fig. 1. The open mechanism

In order to establish a general formula for
kinematic analysis, it had better to consider
kinematics of the i link in Fig. 3 that is
moving in a plane. Point A fixes on the link
while point B moves on a straight line. We
design two coordinate systems in which one
coordinate system named OyXo1Xo2 is fixed to
the frame (the fixed coordinate system) and
the other with name O;Xi1Xi is fixed to the i"
link (the moving coordinate system). Here, A
denotes the joint, O; coincides with A, and
OiXj1 coincides with AB. The kinematic input
quantities are known as [3]:

Xa1 = Xa1(t)
Xaz = Xa2(t)
0; = 6,(t)
s; = si(t)

Fia. 2. The closed mechanism
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onA Xi2
Xi1
The i link
Xaz f----
i Xo1

Xa1

Fig. 3. General kinematic model of
planar mechanism

Where OpA = ra= (Xa1, Xa2) IS vector
specified position of point A; (Xa1, Xa2) iS
coordinates of point A. The quantity 6
denotes revolution angle of the link. The
quantity s; denotes the first coordinate of
point B and t denotes time. Here, bold
characters express vector quantities.

The position, velocity and acceleration
of point B can be written in compact
formulae as following [4]:

rg=r,+T; y 1)
Vp = Vy + (A)LI Ti.ul- + Ti.'l:li (2)
ag =a, + (g.1.—w?.E). T u; +
Za)ll Tl'.’l:li + Tlul

3)

X . .
Where rg = {xil} is the vector specified

position of point B in the fixed coordinate
system.

_ (Xa1) . - .
ra = {xAz} is the vector specified position of
point A in the fixed coordinate system.

ui =AB :{i)l} is the vector specified position
of point B in the moving coordinate system.
6; —sinb;] . :
i =[C9S ! S Y1 s the transformation
sinf; cos6;

matrix of the i" link compare to the fixed
coordinate system [4].
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UB1) . . . .
vp = {Uaz} is the velocity of point B in the

fixed coordinate system (absolute velocity).

Va1 . . . .
v, = {UAz} is the velocity of point A in the

fixed coordinate system (absolute velocity).

u; = {S(')l} is the velocity of point B in the
moving coordinate system (relative velocity).

w; = 6; is the angular velocity of the i link
_ [0 -17. .
I = [1 0 ] is the constant matrix.

a, ,agare the absolute acceleration of point
A and B.

ooy, N
E = [0 1] is the unit matrix.
@; = ¢ is angular acceleration of the i" link.

i; = {f)‘} is relative acceleration of point B
in the moving coordinate system.

The third component on a right side of
the equation (3) is known as Coriolic
acceleration [3].

In a special case, if point B is fixed to
the i" link, it means s; = const leading
to ili = u,_ = 0

Equations (2), (3) can be rewritten as
(4)
(5)

Vp = Vy + a)ll Tl-.ui
ap = Ay + (fi.l. —a)le)Tlul
3. STEPS FOR APPLICATION

Step 1: Numberingl, 2, 3,.., n for the
links in mechanism (only numbering the
rotation links)

Step 2: Sketch the fixed coordinate
system (Xo1Xo2) attached to the fixed link
and the rotation coordinate system (Xi1Xi)
attached the i" rotation link in mechanism at
the revolute joints. Denote 6; (i = 1..n) are
considered revolute angles of the rotation
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coordinate systems compare to the fixed
coordinate system.

Step 3: Draw diagrams of joint-link-
joint from the input link to others, then write
position, velocity, acceleration equations to
describe position, velocity and acceleration
of joints in mechanism (using equation (1)

to (5)).

Step 4: Establish compatible condition
for position, velocity and acceleration so as
to obtain two algebraic equations containing
two unknowns.

Step 5: Write program to calculate
kinematic unknowns as functions of position,
velocity and acceleration of the input link.

4. EXAMPLE OF ANALYSIS OF
SPECIFIC MECHANISM
KINEMATICS

Quick return mechanism with shape
machine is chosen to illustrate application of
formulae from (1) to (5).

Example [5]: Mechanism of the crank
and slotted lever type with shaping machine
isshown in Fig. 4. The dimensions of the
various links are as follows :

0,0, =800 mm; O:B =300 mm; O,D =
1300 mm; DR =400 mm;

The crank O4B rotates constant at n =
40 r.p.m. in the counter clockwise direction.

Draw graphs of position, velocity and
acceleration of point R (or of the cutting
tool) in a term of the crank angle.

Solution:

The crank OB, the link O,D and the link
DR are numbered as 1, 2, 3

Sketch the fixed coordinate system (in
red color) and the rotation coordinate
systems attached links 1, 2, and 3 (in black
color). 01, 0,, 03 are considered revolute

angles of the rotation coordinate systems
compare to the fixed coordinate system.

(Fig. 5)
Denote: O1B =1; O,D = b; DR = ¢; 010, = d;
0O,B=s
Establish equation to determine position of
point R

O]_ LLkl’ B: g =701 + Tl.ul

02 LLkZ' B. TB = 1"02 + Tz.uz
DEdUCG r01 + Tl.ul = roz + Tz.uz

where

ror={3): 7or =)

__[cosB; —sinb4] . A
T, = [sin@1 cos 0, ] = {0}

__[cosB, —sind,] . (s
2_[sin92 cosHZ]’ uz_{O}
AN
/f "
= + R i e~ _7

800 1/ /

Fig. 4. The quick return mechanism with
shaping machine
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Fig. 5. Sketch the coordinate systems
attached links

Substituting and combining above

equations, we get equation systems:

{ s.cos B, = l.cos B,
—d + s.sinf, = l.sin 6,

Solving two algebraic equations to get
two unknowns s and 6, be functions of given
quantities as d, I, 8,

s =+/(l.cos8;)% + (d + L.sin 6,)2(6) ;
0, = cos™1((l/s).cos 6,)(7)

OZM D- TD = 1"02 + Tz.uz

Link 3

D R TR =TD+T3.u3

Deduce TR = 1'02 + Tz.uz + T3.u3

where
_ [cos@; —sinb3] _(—cC
3_[sin03 00593]’u3_{0}
(b - .
Here, u, = {0} vector specifies position of

point D in the rotation coordinate system.

TR ={X;:1} , vector specifies position of

point R in the fixed coordinate system.

Substituting and combining above

equations, we get equation systems:

{ Xp1 =bcosB, —ccosb;
h=—d+ bsinf, — csinf;

Solving two algebraic equations to get
two unknowns Xg; and 65 as functions of
given quantitiesas d, h, b, c, 6,

0; = sin"1((bsinB, —h—d)/c)(8) ;

Xgy = bcosB, —ccosb, 9)
Establish equation to determine velocity

of point R

O]_I_Lkl> B: v3=v01+w1.1.T1.u1

C)ZLLK2> B: Vp :v02+w2.I.T2.u2

+T2.il2
Deduce v01 + (Ul.I. Tl.ul = vOz +

Wy 1Ty uy + Ty 01,

where vy, = vy, = {8} ywy, =1mn/30;

[0 =11, . (S
I_[1 0]’ u3_{0}
$ =v¢s02p I8 Vvelocity of the slider C on
link O,.D

Substituting and combining above

equations, we get equation systems:

{—wz. s.sinf, + $.cos 0, = —w4.l.sin 6,
®,.5.c0s 6, + 5.sinf, = w,.l.cos O,

Solving two algebraic equations to get
two unknowns $§ and w, be functions of
given quantities as s, I, w4, 64, 6,
vC/OZD = S = 0‘)1' l.Sin(92 - 61) (10)
w, = (wq.l.cosB; — $.sinB;)/(s.cos B,)

1)

OZM’ D: Vp = Vg2 +(U2.I.T2.u2

Link 3

D R ‘UR :vD+(U3.I.T3.u3
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Deduce:

UR == 1)02 + (l)z.I.Tz.uz + (U3.I.T3.u3

Here, u, = {g} , vector specifies position of

point D in the rotation coordinate system.

v = {v(f} , vector specifies velocity of point
R in the fixed coordinate system.

Replacement and combination of above
equations, we get equation systems:

Vg = —w,bsin B, + wzc sin 65
0 = w,b cos B, — wszc cos b,

Solving two algebraic equations to get
two unknowns vy and w; be functions of
given quantities as b, ¢, w,, 8, 65

w3 = (b/c).(cos B, /cosBs3).w, (12)
Vg = —w,bsin B, + wsc sin O (13)
Establish  equation to  determine

acceleration of point R
0, Link 1 B:
aB = a01 + (81.1. _(l)%E)Tlul

Link 2

o7} B:

aB = aoz + (82.1. —w%E)TZuZ
Deduce:

aopq + (81.1. —(I)%E)Tlul
= Qo2
+ 2(1)21 Tz.ilz + Tz.uz

Where Ap1 = Qg = {8} ; & = 0:)1 =0 ;

_[0 1y. .. _ (S
E=11 0]' uz_{o}
§ = ac/o2p Is accelertion of the slider C on
link O,D

Substituting and combining above

equations, we get the equation systems.

Solving two algebraic equations to get
two unknowns § and &, be functions of given
quantities as I, s,$ ,wq,w,, 01, 0,

ac/OZD = S = _(I)%l COS(@l - 92) + w%s
(14)

& = (w?lcosB; — w3scos B, —

2w,$sin B, + §cos B,)/(ssin ;) (15)

0, Link 2

D:
ap = aoz + (82.1. _O)%E)Tzuz

D Link 3

R:
aR = aD + (€3I—a)§E)T3u3

The position graph of the point R as a funciton of the crank angle
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Fig. 6. The position graph of point R as a
function of the crank angle

The velocity graph of the point R as a funciton of the crank angle
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Fig. 7. The velocity graph of point R
as a function of the crank angle
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X 1'54e acceleration graph of the point R as a funciton of the crank angle
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Fig. 8. The acceleration graph of
point R as a function of the crank
angle

Deduce:

arp = Qgpo + (82. I. —(J)% E) Tz. u,

+(€3. I. _CL)%. E). T3. u3
(b - .

Here, u, = {O} , vector specifies position of
point D in the rotation coordinate system.
ap = {%R} , vector specifies velocity of point
R in the fixed coordinate system.

Finally, we get two unknowns &; and ag
be functions of given quantities as b, c,&,,w,
|w31 92! 93

&3 = (&b cos B, — wibsin B, +

w3c sin B3)/(c cos H3) (16)
ap = —w3bcos B, — e,bsinf, +
w3c cos O3 + 3¢ sin O (17)

One program of code written in MatLab
programming language has been developed
based on equations from (6) to (17).

Run the program and show graphs of
position, velocity and acceleration of point R
in terms of the crank angle. These graph are
displayed in Fig. 6, 7, and 8.

From the graphs, we can determine some
kinematic parameters as followings:

- The stroke of the cutting tool: s = 985 mm

- Maximum speed of the cutting tool in the
cutting stroke: 1511 mm/s

- Maximum speed of the cutting tool in the
return stroke: 3294 mm/s

- Maximum acceleration of the cutting tool
in the cutting stroke: 16763 mm/s?

5. CONCLUSION

The article presents theoretical basis of
the transformation matrix and kinematical
equations to solve kinematic problems of
planar mechanisms. The paper also shows the
steps of applying the transformation matrix to
analyze kinematics of one specific planar
mechanism (crank and slotted lever quick
return motion mechanism is selected to
illustrate). Results obtained from a program
written in Matlab language is also introduced
to students. Obviously, in a comparison to
graphical method, the application of the
transformation matrix is valuable to automatic
synthesis of kinematics and kinetics for any
mechanisms. It is possible that this paper will
support the new calculation for students in
Vietnam universities in kinematical analysis
of mechanisms.

REFERENCE
[1] Ahmed A. Shabana — Dynamics of Multibody Systems — Second Edition — Cambridge

University Press 2000

[2] David H. Myszka— Machine and Mechanism Applied Kinematics Analysis — Four

Edition — Prentice Hall Press 2012

[3] R.C. Hibbeler — Engineering Mechanics-Dynamics — 13" Edition — Prentice Hall Press 2014



46 Journal of Technical Education Science No.42 (6/2017)
Ho Chi Minh City University of Technology and Education

[4] Phan Thanh Nhan -Using transformation matrix to analyze planar mechanism
kinematics — Tap chi Khoa hoc Gido duc K thuat - S6 36 (6/2016)
[5] R.S.Khurmi,J. K. Gupta —Theory of Mechines — Eurasia Publishing House 2005

Corresponding author:

Phan Thanh Nhan

Ho Chi Minh City University of Technology and Education
Email: nhanpt@hcmute.edu.vn



mailto:nhanpt@hcmute.edu.vn

