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ABSTRACT

Double-linked Inverted Pendulum, which a Single Input-Multi Output (SIMO), is a highly
unstable system and a usual one used for testing and applying control theories. Controlling to
stabilize double inverted pendulum is a challenging problem which required a suitable and
fast reaction controller. The article presents a solution for stabilizing a double inverted
pendulum using a Fuzzy logic controller and a Linear-Quadratic Regulator (LQR) controller.
The entire system has been modeled and tested by Matlab/Simulink toolbox. Further, both
controllers have been applied to an experimental model in laboratory. Experimental results of
stabilizing double inverted pendulum show that with both controllers, the system can be
maintained in upright position. However, the LOR controller’s quality in reality is better than
the Fuzzy logic controller’s one.

Key words: double-linked Inverted Pendulum; Optimal control (LQR); fuzzy control; inverted
pendulum on Cart; SIMO system; under-actuated system; balance control.
TOM TAT

Con ldc nguwoc hai bdc 1a hé thong mét vao — nhiéu ra, né cé dé bat én dinh cao va
thwong dwoc dung nhiéu trong viéc kiém tra va vdn dung céc gidi thudr diéu khién. Vi thé,
diéu khién can bang hé con ldc nguoc hai bac tw do 1a van dé khé, doi hai ¢6 bg diéu khién
thich hop va co téc do dap imng nhanh. Bai bao trinh bay phuong phap diéu khién dung bg
diéu khién morva bé diéu khién téi wu LOR dé can bang hé con ldc nguwroc hai bac ti do. Hé
thong va bé diéu khién diroc md phong bang cong cu Matlab/Simulink. Ngoai ra, hai bé diéu
khién trén ciing dwoc ap dung vao diéu khién md hinh thdt nham danh gia chdt leong cua bo
diéu khién. Két qua dieu khién thyec té trén mé hinh cho thdy véi ca hai bé diéu khién, con ldc
nguroc hai bdc thuc té ¢6 kha nang duy tri & Vi tri can bang hiedng 1én. Tuy nhién, d6 on dinh
cua hé théng do bé diéu khién LQR tét hon ciia bé diéu khién mo.

Tir khoa: con ldc nguoc kép; diéu khién téi wu (LOR); diéu khién mo; con ldc nguroc trén xe;
hé mgt vao nhieu ra; diéu khién can bang.

1. INTRODUCTION

Double-linked inverted pendulum is a
SIMO complex, unstable and nonlinear
system. It is often used in testing and
applying control algorithms. At the upright
position, if there is no control signal, only
under a weak external force, double-linked
pendulum will fall down immediately by the
impact of gravity. The controlling of this

system consists of keeping the double-linked
pendulum upright and moving the cart to the
setpoint.

Many algorithms have been successfully
applied to the double-linked inverted
pendulum, for instance, the controlling of an
inverted pendulum using PID [1-3],
controllers which rely on fuzzy controller [4],
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optimal control of double-linked inverted
pendulum using LQR controller [5], [6].
However, these algorithms are only in
simulation. The application of LQR in
experiment requires the system parameters.
Double-linked inverted pendulum has been
controlled successfully in the world. But, in

Viet Nam, there is no such great
achievements.
In this paper, after building a

mathematical model of system, the authors
simulate system using fuzzy controller and
LQR. Then, these algorithms are examined
by experiments.

The paper conclude of five Sections.
Section 1 introduces the paper. Then, Section
2 describes the dynamic equations of double-
linked Inverted Pendulum on Cart. Section 3
shows the simulation results in Fuzzy
controller and LQR controller. Section 4
listed experimental results under these
controllers. Then, conclusion in Section 5
ends the paper.

2. BALANCED THE DOUBLE-
LINKED INVERTED PENDULUM

2.1 The model’s kinetic equation

The double-linked inverted pendulum that
the authors studied in the paper is the
classical pendulum. Homogeneous pendulum
rods which are interconnected in a joint and
one of them is attached to a cart which allows
for movement alongside a single axis. Both
pendulums are hold in a vertical position
upwards by the force F acting on the cart.
The model shown in Fig. 1.

Table 1. Symbol

Symbol|  Unit Description
m.m Mass of cart, mass of the first
07771
Kg pendulum, mass of the second
m, pendulum
Length of the first and second
l,1, m
pendulum
Distance between center and
L.L m rotating axis of first and
second pendulum

Inertial moment of the first

2
3 Kgm and second pendulum
g m/s? Gravitation acceleration
(o m Cart position
The angle of the first and
G G rad second pendulum
F N Force controlling cart
d, m/s Cart velocity
C Angular velocity of the first
%. 9, rad/s and second pendulum
Gy m/s2 Cart acceleration
. Acceleration of the first and
2
% 9, rad/s second pendulum
A B,C Matrixes of equation system
K, Nm/A Moment coefficient of motor
K, Vi(rad/s) Generating coefficient of
motor
R ohm Ohmic ferrule resistor of
motor
C. |Nmi(radss) Sliding friction coefficient of
motor
J., Kgm? Moment of inertia of motor
t, Nm Inner torque
t, Nm Torque
R m Radius of wheel
w Rad/s Angular velocity
The friction coefficient of the
by, 0, b, cart against the rail, the
damping constants in the
joints of the pendulum
A
y
4
mg
e}
%G
mg
F®
[ —e
© ~ O .

Fig. 1. Double-linked inverted pendulum on

cart
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Set of equations describing the nonlinear
characteristic of the system is described by
the system of equations (Mandar R.
Nalavade, Mangesh J. Bhagat, Vinay V.
Patil, 2014) [6] as:

U =2,0, +z,cosq,q; +2;C0s 0,4,

—Z, sin q1q12 —Z3 sin q2q22 + boqo
0=1z,cosq,q, + 2,6, + z; cos(g, —0,)d,
+Z; sin(q, — %)qs -Zz,9singq, +bg,

0 =z, 0sQ,4, + z; cos(q, — d,)¢; + z,4,
~Z,8in(0, —0,)d; —2,95in g, +b,q,
With:
Z=m+m+m;z,=ma+mAjz = ma,,
z,=ma’+ mA + J,; 2= mAa,;z, = ma’+ J,.

Denote that u is the control signal, F is
the external force.

The linearized mathematical equations
around equilibrium working point:

1)

g, =0,0, =0, then we can approximate it:

sing, = q,,sing, = @,,cosq, = 1,cosq, = 1,

sin(g,- d,) = ¢,- d,,cos(q;- d,)=1.
Equation system becoming:

F =20, + 2,0, + 2,0, — 2,0,6,

_23(12(.122 + ono

0=1z,0, + 2,0, + 2,0, + z;(q, - qz)q22

~2,99, +b,q,

0= 20y + 250, + Z0), — 25(Q, — 0,)

-390, + szz

Set as matrix:

M)%+V(x,X)+GX)=[F 0 0] (3

(2)

Zl 22 23
With M(x)=|z, z, 1z
Z3 Z5 26
bty —Z,0,6; ~2,0,0;
V(xx)=| 0 b, 2,(q, - 0,)¢2 | (O)
0 —z5(0y—0,)4 b,d;

G(X)=[0 -z,09, -2,90,] (6)

However, for the convenience of
adjusting the motor as well as applying the
controller to the real model, which has the
input conversion as the voltage providing for
the motor, structure of motor is described in
Fig. 2 below.

R L !
MWN—N—
+ L 0,0,
{& e (2
Fig. 2. The modelling motor
We have:
dw
J —=7 —-C w— 7
m dt Tm m 7'—1 ( )
) K K K. K
With:z =—(e—-K o)=—e——"wn (8
. Rm( Q) R, R (8)
We have: q,=r6, =, =rw
} ] K K, K
Substitute into (8): 7. =—te——2"1tqg. (9
( ) z-m Rm Rmr qO ( )
Substitute (9) into (7):
J .. C., KK |. K
=——"0,-| /—+ +—8 10
2 r do (I’ Rr jqo R (10)
The force on the cart:
T J C KK K
F=2=_In¢g | m4 Dt +—Le(l1l
ro (rz Rmerqo Rr (1)
< F ==kt —k,dp +ke (12)
. K C, KK J,
W|th: kl :Ktr,kz :?+—R:]r2t ,k3 :r—z

Camppining (2), (3) and (12) we have the
model’s kinetic equations of the system:

M, ()% +V, (%) +G, (x)=[ke 0 0] (13)
z,+k 7, 1
With M, (X)=| z, z, 1z
23 Z5 26

(14)
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boqo + kz _qulqlz _23q2q22
V(X X) = 0 b, A(E %)qzz (15)
0 _Zs (ql - qz)ql2 b2q2

G,(x)=[0 -z,09, -z,90,] (16)

3. SIMULATION RESULTS

3.1 Fuzzy logic controller

The system parameters are shown in
table:

Table 2. The system parameters

Parameter Value Unit
m, 0.35 Kg

m, 0.133 Kg
m, 0.025 Kg

L 0.2 m

L, 0.23 m

I, 0.115 m

, 0.17 m

J, 0.0017 Kg m?
J, 0.059 Kg m?
g 9.81 m/s?
K, 5.3e-3 Nm/A
K, 5.3e-3 V/(rad/s)
R, 2.7 ohm
C, 5e-4 Nm/(rad/s)
J., 0.049¢-4 Kgm?
b, 0.05

b, 0.001

b, 0.001

Double-linked inverted pendulum is a
SIMO system. Input is the voltage supplying
to the motor. Output consists of the cart

position, the first pendulum angle and the
second pendulum angle. Authors suggest
using Fuzzy controller to stabilize the system.
Controller diagram is shown in Fig. 3.

-

G —
NEN

S {,‘

g, Fuzzy Double

. =1 |lome L linverted |, g
(7| controller | | pendulum

q, |_’ - ofl catt L .

Fig. 3. Diagram of Fuzzy logic controller

The selected fuzzy controller includes 6
inputs: (9,,9,_dot,q,,q, _dot,q,,q, _dot).
Therefore, the number of rules using in fuzzy
controller is numerous. If each input has n
membership functions, the rule number will
be n®. In this paper, the authors simplify it by
selecting each input which has 2 membership
functions. The membership functions of
standardized input as follows:

IUNE /LlPO

-1 1
Fig. 4. The membership functions of
standardized input

The number of rule using in fuzzy logic
controller is 64, and Sugeno-type fuzzy
inference is selected. Some of used rules are
listed below:

Table 3. The number of rule
B (G [%h [& |9 9 |U
NE |NE |NE | NE | NE NE |05
NE |NE |NE | NE | NE PO |-0.3

PO | PO | PO | PO | PO NE | 0.3
PO | PO | PO | PO | PO PO | -05
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The initial
[0 G & & G G,]
are: [0.1 -0.1 -01 01 01 —0.1].

values of

The simulation of system is shown in
Fig. 5 and 6 below:

—— Cart position
——  The first pendulum angle
The second pendulum angle

Erro (mirad)

\
1 u 1 N

0
Time (s)

Fig. 5. The response of output system with
Fuzzy logic control

Voltage ()

Time (s)

Fig. 6. The input voltage for motor with
Fuzzy logic control

3.2 LQR Controller

The continuous-time
description of the linearized
pendulum system has the form:

X =AX +BU and Y =CX + DU

state-space
inverted

with X =[q, dy @ & ¢ 6]

A cost functional defined as:

1% T T
J :E!(x Qx+u’ Ru)dt a7

Q and R is positive semi-definite matrix.

The feedback control law that minimizes
the value of the cost is:

u(t) = —R™*BTP(x)x(t) = —Kx(t) (18)

And P is found by solving the
continuous time Riccati differential equation:

PA+A'P-PBR'P+Q=0 (29)
Thence, we infer the value of K.

From the model, we can calculate matrix
A, B, C, D by Matlab:

0 1 0 0 0 0

0 -7.1264 -23342 0.0117 0.0025 -0.0001
A 0 0 0 1 0 0

0 374813 676738 -03399 -5.8622 0.1406

0 0 0 0 0 1

10 09323 -282368 0.1418 27.6806 -0.6639 |

B=[0 03505 0 -1.8434 0 0.0459]

100000 00000O0°O0
C={001000;D={001000
000010 000000
10 00 0 0]
010000
001000
Chosen: Q= ,and R=1
000100
000010
00000 1]

By calculating K =dIgr(A,B,Q,R)
from Matlab, we have:

K:[l 0.8897 -272.3202 -11.5566 423.9344 76.0792]
The initial values of [g, 4, ¢ ¢ ¢, §,]
are: [0.1 -01 -01 01 01 -0.1].

The simulation of system is shown in
Fig. 7 and 8 below:
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04 -

——Cart position

The first pendulum angle
——The second pendulum angle|

03

2
[}

Erro (mfrad)

e

o SN S Y S S S N
] 2 4 6 8 10 12 14 16 18 20
Time (s)

Fig. 7. The response of output system with
LQR control
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Fig. 8. The input voltage for motor with LQR
control

From the simulation results, double-
linked pendulum has stabilized at the upward
position after 2 seconds with both the fuzzy
controller and the LQR controller. However,
cart position takes time to get back to the
setpoint.

4. EXPERIMENTAL RESULTS

e S & _.-.:, | DCumotor

The second
pendulum

Fig. 9. Double-linked inverted pendulum on
cart model in practice

The real model is shown in Fig. 9. The
cart is free to move within the bounds of a
one-dimensional track. The first pendulum
joint with cart, the other ends of the first
pendulum joint with the second pendulum.
Both of them can move in the vertical plane
parallel to the track.

4.1 Fuzzy logic controller

With the built fuzzy controller, authors
take experiment upon model. The response is
shown as in Fig. 10, 11, 12, 13. The double-
linked pendulum has been remained in the
upward-condition. However, the fluctuation
still has existed, and balancing-time still has
not been optimized.

0.15

[— The second pendulum angle in experiment

The second pendulum angle frad)

L . L L
05 1 15 2 25
Tims (s)

Fig. 10. The second pendulum angle with
Fuzzy logic control

04
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0.1

o}

The first pendulum angle (rad)

DA

0.2

0. 30

Fig. 11. The first pendulum angle with Fuzzy

logic control
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Fig. 12. The cart position with Fuzzy logic
control

f’

H"\'z P "\ms

The input voltage for motor (v)
in

Il mm |

Fig. 13. The input voltage for motor with
Fuzzy logic control

4.2 Using LQR controller

Conducting to discrete A, B with
sample-time is 0.01s, we have A,; B,. Also
with the Q and R matrix in the simulation,

we use the Matlab program called ‘dlqr’ to
find the K matrix as:

K, =[0.8820 -1.6091 -253.8944 -11.4004 384.0136 68.8291]

With the library supporting embedded
programming for STM32F4 microcontroller
in the Matlab-Simulink environment, the
authors experiment upon the model shown in
Fig. 9. The output response as follow:

0.3

|

The second pendulum angle (rad)

: ' ' L r I L : I '
0 30 1 15 2 25 3 35 4 45 5 5.5 6
Time (s)

. 14. The second pendulum angle with
LQR control

1

T
——The first pendulum angle
0750
= \
g
% 05F ‘gl
g
g 025
3 \[N
7 \ [\
b=} \ \
s 9 | N N I,_\\v e sl
\ |
.\_ Vs
N
-0.25 —
L L L L 1 i L i i i L
0 05 1 15 2 25 3 35 4 45 5 55 6

Time (s)

Fig. 15. The first pendulum angle with LQR
control

0016

0.014] [
|

—— Cart position

o
o
n

o
o

Cart position (m)
o o
=4
1
&

006~

0.004-

0.002~

0

L ; L | | L L ; | |
0 05 1 15 2 25 3 35 4 45 5 55 6
Time (s)

Fig. 16. The cart position with LQR control

Voltage (v)
o

o

i
[ 05 1 15 2 25 3 35 4 45 5 55 6
Time (s)

Fig. 17. The input voltage for motor with
LQR control

From experimental results, double-
linked inverted pendulum can be kept at
upright position. LQR gives more effective
results than Fuzzy controller. However, the
pendulum angles have not been optimal.

5. CONCLUSION

This paper presents the construction of a
double-linked inverted pendulum balance
controller using Fuzzy and LQR controller.
Both controllers show good simulation
results. By experiment, double-linked
pendulum is balanced in limited time. The
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LQR controller gives better control results optimized, in a consequence, the controller
than the Fuzzy logic controller. Despite being  optimization need to be executed.
well-controlled, the results have not been
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