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ABSTRACT

It is known that the quality of a vibration isolation system can be improved by reducing
the stiffness of the system. However, in this way, the load supporting capacity of isolator
cannot be maintained. In order to eliminate the dichotomy between the load bearing capacity
and the reduction in stiffness, this paper will introduce a low frequency vibration isolator.
First, the relationship between the configurative parameters and the dynamic stiffness of the
isolator is obtained. Then, the characteristic of the motion transmissibility of the system at the
steady state is analyzed through the normal form solution (NH). From this analysis result, the
curve of the vibration transmission is predicted. The simulation results confirm that the
isolation effectiveness of this model is better than that of the traditional model when the
dimensionless dynamic stiffness at the equilibrium position is lower than one and bigger than
zero or equal to zero. Besides, these results furnish a useful insight for the design of the low
frequency vibration isolation model.

Keywords: Isolator; Low dynamic stiffness; Normal form; Vibration transmissibility; Steady
state vibration.
TOM TAT

Nhu da biét, chat heong cia mét bé cdch ly ¢é thé dwoc ndng cao bang phwong phdp
giam dg ciing cua hé thong. Tuy nhién, néu do cing gidm thi kha nang do tdi cua bg cdach ly
khong dwege duy tri. Vi vdy, dé khac phuc mdu thuan giira khd nang dé tai va giam dé cimg,
bai bdo nay sé gisi thigu mét mé hinh bé cach ly dao dong tan sé thap. Pdu tién, moi quan hé
giita thong s6 Cau hinh va dé cung dong hoc cua hé thé'ng duwoc trinh bay. Sau do, dac tinh
truyén dao dong cua bé cach ly dwoc phan tich bang phwong phdp normal form. Tir két qud
phan tich nay, dwong cong truyén dao dong cua bé cdach ly dwoc duw dodn. Két qua mé phong
s6 cho thay rang: khi do ciing dong hoc khéng thir nguyén tai Vi tri can bang tinh nhé hon
Mgt va I6n hon hodc bang khéng thi hiéu qua cdch ly dao déng cia bé cdch Iy tan sé thaptot
hon bé cdch ly truyén thong. Ngodi ra, két qua phan tich nay rat hitu ich cho viéc thiét ké bo
cach ly dao déng tan sé thdp.

Tir khéa: Bo cdach ly; PJ cimg dong hoc thap; Normal form; Truyén dao déng; Dao dong
binh én.

1. INTRODUCTION unwanted vibration, consists of a linear
stiffness spring, K, in parallel to a damper, C
[1,2]. Vibration attenuation is obtained for
input frequencies greater than .2 times

The conventional passive vibration
isolator, which is widely used for controlling
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the natural frequency of the isolation system.

For input frequencies below /2 times the
natural frequencies and especially those
close to the natural frequency, the vibration
level of the isolated equipment is actually
increased, as compared with that of the base.
In order to extend the isolation region
toward the ultra-low excitation frequencies,
the stiffness of spring K is mostly employed
to reduce the natural frequency of the
system, especially from 0.5 to 5 Hz, in
which the vibration is harmful and
dangerous to humans, and has been
investigated by many researchers [3]. This
idea indicates that the stiffness of the system
is decreased. However, the reduction in
stiffness leads to a large static deformation
and a low bearing capacity. So, this isolator
only offers a good effect with high
excitation frequencies. Many papers and
reports have given solutions to reduce the
resonance frequency, such as using a highly
deformed elastic structure working as a
nonlinear spring to support a static load
[4-7] or another structure that is also based
on the elastic model with extreme geometric
nonlinearity [8-9]. The purpose of elastic
structures is to reduce the resonance
frequency. However, these structures easily
lose stability and their low load bearing
capacity when the stiffness of the elastic
elements is very low

In this paper, an isolator is introduced for
isolating low frequency vibrations. Then,
Normal form method is used to predict the
curve of vibration transmissibility of this
isolator. This paper is organized as follows.
The mathematical model of system is
presented in section 2. In section 3, the
vibration transmissibility is presented. The
numerical simulation results are shown in
section 4. Finally, some conclusions are
drawn in section 5.

2. MECHANICAL MODEL OF LOW

FREQUENCY VIBRATION
ISOLATION
Figure 1 introducesa low frequency

vibration isolation model. In which, the
isolation object is supported by a vertical
spring. The dynamic stiffness of this system
is reduced by using two horizontal springs.
Initially, at the static equilibrium position
presented by the dashed line, the mass is held
in equilibrium by the compression force of
the vertical spring F, and the gravity force
Mg which is opposite of the force F,
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Figure 1. Mechanical model
3. Vibration transmissibility
3.1 Dynamic equation

If an excitation z, having the frequency
@ 1s transmitted from base the isolation
object, hence the isolation objectis moved
away from the equilibrium position, u as
shown

The vertical restoring force is written as:

ﬁ=(hid—n)+2o{ 21 Lz +1}u (1)

\/71 —-u \/71 —u

where: 7,=2, =L oK g2
. }/1 LO! 7/2 LO! KV’ LO 3y

Kn,Ky are horizontal and vertical spring
stiffness, respectively. L, is the original
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length of the horizontal spring. hig is the
initial deformation of the vertical spring. b is
the distance from the wall to the isolation
mass. M is the weight of the isolation object.

From Eq. (1), the dimensionless dynamic
stiffness of the system is described as
following:

N A A @)

NE ~
2
[712_u J 71 —u

Eqg. (1) expresses the restoring force of
the system as a function of the configurative
parameters », 7, aand the displacement, x.
As in Fig. 2, it can be seen that the shape of
the original restoring force curve (denoted by
solid line) is similar to the third-order curve.
Thus, the third-order function is used for
expressing the approximation of the
dimensionless restoring force of the system.

Generally, a smooth function can be
expressed by expanding Taylor series up to
the order N as

N neo
F(R) = F(R)+ 2o (% Y g
n=1 n!

Here, the system is designed for the
desirable vibrationwith the small amplitude
about the static equilibrium position.Hence,
the function of the dimensionless restoring
force is expanded around this position. By
ignoring  the  high-order  term, the
approximate equation of the dimensionless
restoring force is given as

1- -1
F,, =heK, +K, [1—2awju vak, 22y (4)

32
71 1o

As shown in Fig. 2, if the vibration of
the system is around the static equilibrium
position, the approximate curve of the
restoring force (depicted by dashed line)

nearly coincides with the curve of the exact
expression.  Therefore, the third-order
approximate function can be used for
analyzing the dynamic of the system in the
static equilibrium position.
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Figure 2. Comparison of the approximate
with the exact expressions
Applying the Lagrange’s Equation, the
motion equation is obtained as following:

_ _ 2
T PR/ u+oc}/231KVX2 v (g
M M " 7 ome o ()

=Z 0" cos(at)

In term of these dimensionless
parameters, Eq. (5) can be rewritten as
bellow

0"+2& 0+ G+7 0° = Q° cos(Qr +¢) (6)
where:
A —_ 2 —_
U= = ¢ 0y = 1-20 1 M=a szxzyzsl
ZZ 2Ma]n a)ﬂ ;/1 wnMLo 71

Eg. (6) is the approximate dynamic
equation that expresses the steady state
vibration of the isolated object around the
equilibrium position with the small amplitude.
It is well-know nonlinear vibration equation
“called Duffing’s equation”. As is known, the
solution of the system consists of two parts: a
particular solution and a homogeneous
solution (free vibration term). Here, positive
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damping, hence the free vibration term will
die away in time. The resulting response is
called the steady state response and it only
consists of the particular solution. The steady
state response has the same frequency as the
excitation, but that phase is shifted from that
of the excitation an amount that depends on
the damping

3.2 Normal Form method

Here, the Normal form method (NF) is
employed to find the steady state solution of
the system for each of the certain excitation
frequency. The method transforms Eg. (6) to
the form:

V+@? V+T, =P, xr (7
here: U=V+[e]r,

L, r)=cf(, r):g(2§‘\7+77'\73)and P=P

4

E'==:p'= T_\itheis small parameter
& &

Applying a nonlinear transform from v
to w given by:

V=W+eh(W,r) ®)

Eq. (7) is rewritten as following:
W+@?W+T, (W,r)=P,r; ©)
herer,, (w,r)=gg(w,r)

From Egs.(7-9), we obtain as bellow:

(10)

2
&t g(v‘v,r)—z—th(v‘v,r):a)nzh(v‘v,r)+f(w,r)
The state vector W is divided into

W1 iot W1 —iQt

COMPONeNts w = W, +W, = et +oe

where W is the amplitude of the state W and

A vector W matrix [A], [B] and [f] are
defined so that satisfying Eq. (11)

QR ) =[FIW (W, W0 (a)
gWN=[AIW (W, W, 1) (b)
h(W,r) =[BIW (i, W, 1) (¢)

(11)

Combination of Egs. (10, 11a) and the
states vectors W, and W, we obtains as

following:
W= [y Wy WO, W WS R |
[T :[2«3%@ 20,00 n' 3n' 37’ 77']
The matrix [A] and [B] is determined by
Eq. (12):

[F1-[Al= (- +(i©)*)[B] (12)

where ¥ is found from following condition
208 (WA

S i (i) (13)

Finally, the matrixes [A] and [B] are
expressed as following:

[Al =[ 22 0,iQ 28" @,iQ 037, 37, 0 | (14)
[B]T:{OOU—IZOOU—IZ} (15)
807 8

Substitution of Egs.(11-15) into Eq. (9)
and transform from Wwto 0, we have:

2 2\ 3 73 o
{(a)n -~ W +%W }cos(Qt)—nganW sin(Q) (16)
=0 cos(Qr) cos(g) — Q* sin(Q7) sin(g)
And steady-state solution is obtains as:

(17)

R 3
a=w cos(Qt)+(;7

ngvzz jcos (30at)

From Eq. (16), we have:
W2 -1)Q* +2(28%0W? )0 + o +3%V\73:0 (18)

Then, the absolute vibration
transmissibility (T,) is defined as the ratio of
the magnitude of the absolute displacement
of the isolated object to the base as:

2 2 i
Ta:@:\/u +22+2UZ, cos ¢ =\/UZ+1+2Licos¢ (19)
|z| z Q
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4. NUMERICAL SIMULATION
4.1 Dynamic stiffness curve

Figure 3 shows the dynamic stiffness
curve of the low frequency vibration isolation
model with the configurative parameters
v1=0.75, o=1 and y, within from 1.35 to 1.75.
It can see that the dynamic stiffness curve is
the concave parabola, on which the dynamic
stiffness is minimum at the static equilibrium
position. This stiffness will be increased
according to the increase of the value of ;.
The dynamic stiffness of the system is greater
or smaller than the vertical spring stiffness if
122175 or 1.35<y,<1.75, respectively. If
v2.=1.35, the value of the dynamic stiffness at
the equilibrium position is quasi-zero, this is
the best case for isolating vibration. If y,<1.35,
the system achieves the negative stiffness at
the equilibrium position. This case, the system
can not bear the load.

The relationship between the
configurative parameters yi, o and vy, for
which the dynamic stiffness at the equilibrium
position is zero,is shown in Fig. 4
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Figure 3. Dynamic stiffness curve

Figure 4.Relationship between the
configurative parametersy, a va

4.2 Vibration transmissibility

Here, the configurative parameters of the
system are also set up as following: y;=0.75,
a=1 and 1.35<y,<to 1.75. As above analyzed,
the dynamic stiffness at the equilibrium
position is reduced from one to zero
according to the decrease in the value of y;
from 1.75 to 1.37. This leads to the
expansion of the isolation region and the
increase in the rate of the vibratory
attenuation as presented in Fig. 5. Especially,
if the dynamic stiffness at the equilibrium
position is nearly equal to zero, the resonant
peak and frequency are also reduced.
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Figure 5. Vibration transmissibility curve
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Figure 6. Isolation effectiveness comparison

In addition, the comparison of the
vibration transmissibility between the low
frequency vibration isolator having y,=1,75
and the traditional isolation model is
considered as shown in Fig. 6. The both
systems have the same vertical spring but the
traditional system is absent two horizontal
springs. The result is that the both systems
offer the same frequency region of isolation.



This is evident because with this
configurative  parameter, the dynamic
stiffness at the equilibrium position of the
low frequency isolation system is nearly
equal to the stiffness of the vertical spring

Correspondingly, in order to expand the
isolation region towards the low frequency,
the configurative parameters have to be
chosen so that the dimensionless dynamic
stiffness at the equilibrium position of the
system must be within from 0 to one
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Taylor series up to third order around
equilibrium position (u=0), the approximated
restoring force was obtained. Then, the
approximated dynamic equation of the
system was also presented. The normal form
method is employed to find the steady state
response of the system. From this analysis,
the vibration transmissibility curve is
predicted for the various configurative
parameters. The simulation results showed
that the vibration isolation effectiveness of

5.

This paper introduced a low frequency

CONCLUSION

the isolator is perfect when the dynamic
stiffness at the equilibrium position is nearly
equal to zero. However, the limitation of this

vibration isolation model. By expanding Workis invariant isolation load.
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