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TOM TAT

Hé xe hai banh ti can bang la mét hé théng dwge dp dung nhiéu trong cdc thi nghiém
diéu khién tw dong. Pdy la mét hé thong MIMO (multi-input and multi-output) mang tinh 1y
thuyét va thuc tién cao, da dwoc dp dung trong cugc seng. Tuy nhién, da phan cdc nghién ciru
chi xoay quanh viée diéu khién cdan bang dimg cdc gidi thudt im kiém thir sai hodc phwong
trinh todn hoc don gian. Cdc nghién civu chi tiét vé phwong trinh todn hoc hé thong va gidi
thugt &ng dung chinh trén sy hiéu biét mé hinh la khéng nhiéu. Bai bdo phén tich phiong
trinh todn hoC ciia mét hé xe hai banh ti can bang. Qua dé, tac gia dp dung thanh céng gidi
thuds diéu khién téi wu cho hé trén. Gidi thudr diéu khién téi wu dwoc thir nghiém véi cdce
trwong hop di chuyén khdc nhau cua xe. Két qua diéeu khién la tot trén cda mé phong
Matlab/Simulink va thuc nghiém.

Tir khéa: xe hai banh ti cin bang; diéu khién toi wu; LQR; Matlab/Simulink; MIMO; thyc
nghiém.

ABSTRACT

Two-wheeled Self-balancing Cart is a popular model in automatic experiments. This is a
MIMO system (multi-input and multi-output) which is theoretical, practical and has been
applied in normal life. Anyway, most research just focuses on balancing this model through
try-on experiments or simple form of mathematical model. There are still so few research
works focusing on modelling algorithm and designing a mathematical model-based controller
for this system. This paper developed all mathematical equations of the system. Then, the
authors successfully applied optimal control for this system. Optimal controller was tested
with different cases of cart motion. Controlling results was proved to work well through both
experiments and simulation on Matlab/Simulink.

Keywords: Two-wheeled Self-balancing Robot/Cart; optimal control; LQR; Matlab/Simulink;
MIMO; experiment.

1.  PATVANDE

Hé xe hai banh tu can bang 1a mot ddi  don gian véi ngd vao hé thdng 1a momen
tuong quen thudc trong cac bai toan 1y thuyét  banh trai hodc momen banh phai va chi hoan
diéu khién. Thé nhung, phan Ion cic nghién thanh trén mé phong[1], [2], [3] trong khi mo
ctiu chi duya trén phuong trinh toan hoc dang  hinh thyc té thi ngd vao la dién ap cip cho
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dong co banh trai hodac banh phai (phuong
trinh toan hoc hé théng phuc tap hon). Nhiéu
nghién ciu lai ap dung cac giai thuat diéu
khién ther sai (PID, FUZZY,...), khong dua
trén mo hinh toan hoc cua hé théng nén tinh
6n dinh cua hé thdng khong duoc dam bao
nho toan hoc [4], [5], [6]. Do do, viéc thiét
14p mdt mé hinh toan hoc chi tiét voi ngd vao
diéu khién dién ap la can thiét. Va khi
phuong trinh toan hoc chi tiét dd duoc thanh
lap, mot giai thuat diéu khién t6i wu (LQR)
duoc thiét ké dé diéu khién hé théng. Viéc 6n
dinh cua hé thong duoc dam bao nho phuong
trinh Riccati. Nho d6, by diéu khién toi wu on
dinh dugc hé thong trén mé phong ciing dam

bao viéc ap dung duoc trén thuc té.

Cac muc tiép theo cua bai bao duoc trinh
bay nhu sau: Muc Il s& d& cap cach thac mo
hinh hoa ddi twong hé xe hai banh ty can
bang. Tiép d6, muc Ill, s& trinh bay giai thuat
diéu khién t6i wvu ap dung cho hé xe nay. Sau
d6, muc IV va V 1an luot trinh bay cac két
qua diéu khién trén moé phong va thuc
nghiém. Cudi cung, muc VI dua ra két luan
vé diéu khién LQR cho hé thdng trén.

2. MO HINH TOAN HQC

So d6 va hé quy chiéu hé xe hai banh tu
can bang duogc thé hién nhu ¢ hinh 1, 2, 3 ¢
duoi:

Hinh 1. Hinh anh mé ta hé
xe hai banh tw cdan bang

Hinh 2.‘Hé xe hai banh tu
cdn bang nhin nghiéng

Hinh 3. Hé xe hai banh tu can
bang nhin tir trén xuong

Trong d0, cac thanh phan cua hé duoc liét ké & bang 1:

Bang 1. Ky hiéu va y nghia cua cac dai lwong

Kihiéu | Pon vi Y nghia Ki hiéu | Pon vi Y nghia
m kg | Khéi lugng cua banh xe . He s6 ma sat giita robot va
" déng co DC
k Khéi lwgng coa r
M g 0i g cita robot J kgm® Moment quan tinh dong
R m Ban kinh banh xe " coDC
w m Chiéu rong cua robot R, Q bién tro dong co DC
D m Chiéu ngang cua robot K, |Vs/rad | Hésd EMF caa dong co DC
H m Chiéu cao cua robot < N /A Moment xo4n cia dong co
t
Khoang cach tir trong tam bC
L m % , L. Z
robot dén truc banh xe N Ti so6 g|ém toc
¢ Hé s6 ma sat giita banh xe m o .
w va mit phang di chuyén G 4 . | Glatoc trong truong
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Kihiéu | Pon vi Y nghia Kihiéu | Bon vi Y nghia
Goc trung binh cua banh X .Y,z m Toa d6 trung binh
0 rad L a . m?!Im?m v v
trai va phai
F, e an
0, rad Goc cia banh trai va phai ’ Nm Moment phat d,o ng theo
’ F,.F, cac phuong khac nhau
Goc nghiéng ctia phan — -
Y| " | than robot £ | wp | Momentphitdong cua
L dong co banh trai, phai
¢ rad | Goc xoay cua robot o R Dong dién dong co bénh
Ny 7 2
x.y.2, | m | Toadobanh trai trdi, phal
] Dién 4p dong co banh trai,
X,,¥,,2, | m | Toadd banh phai Vi v v phai
Ta st dung  phuong  phdp Toa do tdm dbi xtng giira hai dong co

Euler-Lagrange dé xay dung mo hinh dong
hoc. Gia su tai thoi diém t = 0, robot di
chuyén theo chiéu duong truc x, ta co goc
tinh tién trung binh cta hai banh xe va goc
xo0ay cua robot dugc xac dinh nhu sau:

1
S )

rm_}
IR 5 6y
Lw ]

L]

Trong do toa do trung binh cua Robot
trong hé qui chiéu:

My
|fxm1| |.[Xm|
IV
Lme_|Iym| (2)
Zo | | R |
L i
w1 TROcosgy]
a [_mez‘ ’C05¢| (3)
Lme | ROsing |
Toa do banh trai trong hé qui chiéu;
‘Fxmf—sin¢|
ERN Vj |
{y'}Z}ym+VTCOS¢I (4)
S
L ]
Toa do banh phai trong hé qui chiéu:
I—xm+—sin¢—I
[, 1 | . | ;
ol Pcoss ] ®)
LA
L ]

trong hé qui chiéu:

[x, 1 [x, +Lsinycosg]
beI:I y,Lsiny cosg I (6)
EN

Phuf@g trinh dong niang cta chuyén
dong tinh tien:

N

z +Lcosy |

T1=£m(>i|2+ y|2+i|2)+
2
+£m(k2+yz+iz)+
2 r r r (7)

1,
+—m(xb +y, +zb)
2
Phuong trinh dong ning cua chuyén
dong quay:

L LI S W
2 2
+§J¢¢.Z+§n2Jm(él—y))2+ (8)
1 .
+;n Jm(élr—gz/)2
Véi %nz‘]m(él—y))z : %anm(ér—y))z 9)

1a dong nang quay ctia phan tmg dong co trai
va phali.

Phuong trinh thé nang:
(10)

U =mgz + mgz + mgz,
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Phuong trinh Lagrange:
L=T,+T,-U (11)
afaLh ot o (12)
dtkaej o6
dfoL) o o (13)
dtL@wJ oy !
d(aL) oL (14)

Léy dao ham L theo cac bién ta duoc:

[(2m+M )R* + 1.
| |6+
L+2JW+2n . |

+(MLRcosy —2n°3, )y + (15)
~MLRy “siny = F,
(MLRcosy +) . (ML? +JW+\
| |9+
L-2n°3, +2n’ (16)
—MgLsiny — ML2¢25|m//cosw =F,

1

i——mW2+J¢+ —i

2

| . !

W .o

I+ —(3, +n Jm)+I¢2+ (17)
| 2R |

|+MLZS|nz// |

+2M L’y ¢ siny cosy = F,

Momen dong luc do dong co DC sinh ra:

] |
FE, | F,+F
| '9| | ! ’ | 18
|FW |:I Fv I ( )
LRl v
’ LR (FlfFr)J

Va:
F =K+ 1, (v -6,)- 1,6, (19)
F,o=nKi +f (v -0)-1,0, (20)
Fy,:_nKtil_nKtir_fm(l//._9.|)+

o (21)
(v 0,)

Str dung phuong phap PWM dé diéu
khién dong co nén chuyén tir dong dién sang
dién 4p dong co:

Lmi.l,r :VI,r + Kb(w _él,r)_ Rmil,r (22)
Xem dién cam phan tmg twong d6i nho

(gan bang 0), c6 thé bo qua, suy ra:

v, + K, (v —0.“)

e " (23)

m

Tu d6, cdc moment luc sinh ra:

Fo=a(viev,)-2(8+ f,)0 w20y (24)

F, = —a(v,+v,)+ 280~ 25y (29)

Véi a = —~ v =nK‘Kb+fm (26)

- —a v v)- (6 106 (2)
2R R

Thu dugc phuong trinh dong luc hoc
mo ta chuyén dong cua robot nhu sau:
[(2m+M )Rz+2JW+2n2JmJé.+
+(MLRcosy —2n°J )y +

(28)
~MLRy “siny = a (v, +v,)+
-2(p+ fw)é+2ﬂy/’

(MLRcosy +) ..
| |6 +

\-2n°J, )
~MgLsiny - ML*¢’siny cosy

=—a (v, +v, )+ 286 - 28y

(ML +3, +)
)

L’LZ”Z%
(29)

OM L%y ¢ siny cosy = (30)

2

W .
(B +1,)4

;a(v -Vv,) -
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3.  PIEUKHIEN TOI UU

Tu (28), (29), (30), ta c6 hé phuong
trinh mo ta hé thong xe hai banh can bang c6
dang sau:

|[ X, = X,
| X, = fl(xl’XZ’X3’X4'X5’X6'VI’Vr)
X, = X
3 4 (31)
|X4: f4()(1’)(2’)(3')(4 X5,X6,V|,Vr)
I X5:X6
[Xaz fe(x1'X2'X3’X4 Xs’xe’vl'vr)
[ 0 0 ] [0
| \ \
ECLPS LTS | of,
| OV, |x=x, OV, |x=x, | | 0x,
| u=u, “:“0‘ ‘
I 0 0 } } 0
. v, ]
VGI:U:LIJ’B:I f, of, } ;A:} f,
v 4 _ 4 4
| OV besy OV, feox, | | 0%, i,
| 0 0‘ ‘ 0
| 0 0 | | 0
| | \
LS LTS | 9
| ov ov | | ox
1 |X=% r |X=% 1 %%
| u=u, | |

Q, o0 0o 0 0 0]

Io Q, 0 0 0 o}

lo o @, o 0o o0

Q:Io 0 0 Q, 0 0}

lo 0o o o q, ol

lLo 0 0 0 0 QGJ
and R:rRl o
o R

Véi cac thong s6 Q,, Q,, ...Q., Q,,
R1 va R2 dé tinh chinh cho bo diéu khién
LQR. Trong do, thongQ,, Q,, Q.,, Q,, Q.,
Q, lan luot 14 cac trong b tdi wu twong wng
cho cac gia trie, é, va.w, ¢, qﬁ,tinhiéu
diéu khién cho goc tién t6i va tin hiéu diéu
khién cho gbc xoay. Néu mudn bién trang thai

Voi:
X:[Xl X, X3 X, X Xs]T
. , . (32)
=[6 6 v v ¢ 4]
Néu chon diém lam viéc la:
x,=[0 0 0 0 0 0]; u =[0 o] (33)

Ta c6 thé tuyén tinh hod hé théng (31)
vé dang:

x = Ax + Bu (34)
1 0 0 0 0 ]
|
of, of, of, of, of, | |
Xy s, O X fen |, OX, I
0 0 1 0 0 I
Al o)A o) | (39)
axz X=X, aXS X=Xg 6)(4 X=Xq 5X5 X=X, aXG x:x0|
U:UU U:UO U:Uo U:UD U:U|
0 0 0 0 1
|
of, of, of, of, of | |
O, hon OXhony X on OX s, OX, J|

nao duoc wu tién trong viéc diéu khién thi ta
cho thong s6 trong sé tuong tmg d6 16n hon
tuong ddi so Vi cac thong sb trong sé khac.

Sau khi chon duoc thong sé diéu khién
trong ung, ta tién hanh xay dyng thong sd
hoi tiép K véi tin hiéu diéu khién u= - K*x

Thong sb6 K dugc tinh dya vao phuong
trinh Riccati. Tuy nhién, Matlab di ho trg ta
ham Iqr() dé tinh ra thong s6 K khi da biét
ma tran A, B, Q, R.

M6 hinh

? hé xe hai -
banh ty | Y EE <5

cén bang

Hinh 4. So do chi tiét bg diéu khién LQR cho
hé xe hai banh tir cdn bang
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4. KET QUA MO PHONG Ma tran trong sé6 LQR duoc chon nhu sau:
Théng sé mé hinh dugc chon nhu sau: 1 o o o o o]

Io 1 0 0 O ol . [1 0]
m=1; M=5; R=0.0725; W =0.24 ; o Io 01 0 0 oI RZLO 1]
D=02, H=05, L=018 ; f =018 ; |00 0 1 0 0

Io 0 0 0 1 ol
f 20002 ; 3. =001 ; J =2ML*/3 ; 0 0 0 0 0 1]
m m v

J:M(W2+D2)/12; R, =50 ; K,=0.468

; n ; Lac nay, ta dugc ma tran K theo Iénh

K,=0.317; n=40; ¢g=9.81; T =0.01 K=Iqr(A,B,Q,R)

[-0.7 236.3 -6066 -1390.9 -0.7 -10.4]
K =
{70.7 236.3 -6066 -1390.9 0.7 10.4 J

4.1. Gia tri dit bang 0

12 012 01
10 710 01 0 R R I
1
008 -0
8 o 01
/ 0.06 £ 02
5 £ il «
£ / 7 004 3 -03
4 ] g ‘\
& 0.02 =04
™ g
N N i 7
0 U T Y -0.02 et 06 -
2 0.04 07

] 20 40 60 80 100 120 0 20 40 60 o 20 a0 60 80 100 120 0 20 40 60 o 10 20 30 40 50 60 70 80 90 100
thei gian (s) thoi gian (s) thoi gian (s)

Hinh 5. Goc banh xe o (rad) Hinh 6. Goc nghiéng v (rad)  Hinh 7. Goc xoay ¢ (rad)
4.2. Gia tri dit khac 0

Chonla 6 gx=x (rad), ¢ ax= /2 (rad) (xe tién t6i 1 doan bang chiéu quay cia mot vong
hai banh xe va quay 1 goc 90 d¢ quanh truc cua xe)

S ? N

H L 1 I L L L = i
0 20 30 40 60 i 80 0 100 10 EX E] a0 E 1 10 2

EEG
thoi gian (s)

Hinh 8. Goc banh xe ¢ (rad) Hinh 9. Goc nghiéng v (rad)  Hinh 10. Goc xoay ¢ (rad)

50 EIE
thai gian (s) thai gian (s)

4.3. Nhan xét

Nhu két qua mé phong & cac hinh 5-9, ta
thay trang thai xe ludén bam sat tin hiéu dat,
bo diéu khién LQR dap tng tét. Dicu nay
chang t6 xe c6 thé di t6i, lui, queo phai, trai
tuy gia tri dat. Thoi gian qua do con dai va co
thé duoc cai thién thong qua viéc chon ma
tran trong s6 phu hop.

5. KET QUA THUC TE

Hinh 11. Mé hinh phan ciing thuc nghiém
Mo hinh thyc nghiém duogc thé hién & 1. Nguon Pin; 2. Mach cau H; 3. ¥ diéu khién DSP;
hinh 11 nhu sau: 4. Cam bién MPU 6050; 5. Banh xe mé hinh
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[encoder banh phai] [encoder banh trai |

IMU MPU 6050

Hinh 12. So d6 két néi phan cing
Trong khuon khd diéu khién LQR, ta chon
cac ma tran nhu sau:

[1000 0 0 0

0 0]

}o 00 0 0 0 ol;R:rzo 01

[ o o 1200 0 0 0] LO ZOJ
Q:} o 0 o0 01 0 0 }
l'o o o o 1000 o]
‘L o 0o 0 0 0 100J

Nhu vay, voi thong sd hé théng thuc té, ta
tinh toan ra:

[-0.7 236.3 ~10.4]

K =
L—OJ 236.3 -6066 -1390.9 -0.7 10.4J

-6066 -1390.9 -0.7

5.1. Piéu khién dirng yén tai vi tri cin bang

9oc toi teta (degree)

5 10 15 20 30 35

25
thoi gian ()

Hinh 13. Gid tri géc t6i o (d9)

30

20

10

0

goc nghieng psi (degree)

WA A

10 i i H
0 5 10 15 20 25 30 35 40 a5 50
thai gian (s)

Hinh 14. Gid tri goc nghiéng v (do)

l I\Mil"’lfﬂ%llﬂ """ |

30 35 40 45 50

306 xoay phi (degree]

G Lo oo mow
T
=
=
=

0 5 10 15 20 25
thoi gian (s}

Hinh 15. Gid tri goc xoay ¢ (d0)
5.2. Piéu khién véi vi tri dit khac 0
Thi nghiém 1: Piéu khién queo trai

o
100 W

goc toi teta (degree)

0 5 10 15 20 25
thoi gian ()

Hinh 16. Gia tri goc to1 6 (d9)

goc nghieng psi (degree]

i i H
5 10 5 20 25
thoi gian (s)

Hinh 17. Gia tri goc nghién v (d9)

goc xoay phi (degree]

thai gian (s)

Hinh 18. Giad tri goc xoay ¢ (do)

Thi nghiém 2: Biéu khién queo phai

160
100
50
0)---
50

goc foi teta (degree)

100
~160

200

® 4 10 12
thoi gian (s)

qoc nghieng psi (degree)

6
thoi gian (s)

goc ¥oay phi (degree)

S 1L ) P EEREERPERPECE EPREPREERPEOPED: e o=

<120

6
thoi gian (s)

Hinh 21. Gid tri géc xoay ¢ (do)

Thi nghiém 3: Piéu khién di lui

-20

goc nghieng psi (degree)
o

[ 3 16 20

10
thai gian (s)

Hinh 22. Gid tri goc to1 6 (do)

Hinh 23. Gid tri géc nghiéng v (do)
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IHH__\HFIH_‘ _____ i

Hinh 24. Gid tri goc xoay ¢ (d0)

Thi nghiém 4: Diéu khién di toi

29

Queo trai, queo phai dé dat cac gia tri dit cho
truée. Tuy nhién, bién trang thai trong thuc té
khong bam hoan toan cac gia tri dat. o 1a vi
tinh chat thoa hiép trong diéu khién LQR- sy
sai léch trong mot bién trang thai duoc bu
dap bang su sai léch cia mot bién trang thai
tuong tmg khac nhung du dé dam bao tinh
hiéu diéu khién van dang gia tri thiét ké. Day

1a mot khuyét diém cua diéu khién LQR so
V6i cac giai thuat diéu khién phi tuyén khac.
Tuy nhién, mot giai thuat diéu khién LQR 1a
don gian rat nhiéu va dé thiét ké cho hé
MIMO phirc tap so véi cac giai thuat diéu
khién phi tuyén khac vén chi phu hop véi da
s6 cac hé thong SISO.

6. KET LUAN

Bai bao dd tinh toan md hinh hoa vé
phuong trinh todn hoc cua mot hé xe hai banh
tur can bang voi ngd vao 1a dién ap dé co thé ap
dung cho ddi tugng trén ca moé phong va thuc
té. Tir d6, dya trén md hinh vira tinh todn ra
ctia hé théng, nhom tac gia thiét ké giai thuat
diéu khién tdi wu cho hé thong trén. Két qua

diéu khién cho két qua tot & ca mé phong va

Hinh 27. Gid tri géc xoay ¢ (d0) thue 4.
5.3. Nhan xét
Qua cac hinh 16-27, ta nhan thiy hé thong
xe hai banh can bang thuc té da diéu khién
dugc theo cac trang thai di toi, di lui,
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