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ABSTRACT

Planar mechanism kinematic analysis can be performed either analytically or graphically. Graphical
kinematic analysis is considered as a simple, intuitive approach but less accurate because values of
kinematic quantities are measured from graphical vector diagrams. Analytical kinematics is a more
advanced method thanks to using precise mathematical operations and easy to automate. Currently,
there are many analytical kinematic methods introduced in somedocuments in universities but most of
them are difficult to use because of complicated application.Finding an appropriate approach to solve
more easily kinematic problems for planar mechanisms is a necessary work. By using the
transformation matrix and using basic operations for matrix (such as addition, scalar multiplication,
and derivative) the position, velocity, and acceleration equationswill be established for a planar
mechanism. From these formulas, analytical kinematics can be applied for typical planar mechanisms.
The first advantage of this method is able to calculate position, velocity, and acceleration of links and
joints accurately at any position of input link. The second is to develop computation process
automatically thanks to support from computer program, such as MatLab, Excel. Some chosen
examples shown out here aim todemonstrate the transformation matrix application to solve analytical
kinematic problems for different planar mechanisms.

Keywords: Transformation matrix, Analytical kinematics, Planar mechanism
TOM TAT

Phdn tich ddng hoc co cau phang c6 thé dwoc thue hién bang phwong phdp gidi tich hodc phiwong
phdp hinh hoc. Phdn tich déng hoc bang gidi tich dwoc xem nhie la phwong phép don gidn, trc quan
nhung thiéu chinh xdac do cdc dai lwong dong hoc co gia tri duoc do tie cac hoa dé vec to. Déng hoc
gidi tich la mét phirong phdp tién tién hon nho dimg cdc phép todn chinh xdc va dé thwce hién tw dong.
Hién nay ¢é nhiéu phwong phdp dong hoc gidi tich dwgc giGi thiéu trong cdc tai liéu & cac truong dai
hoc nhing hau hét ching rat khé ding vi tinh phike tap khi dp dung. Tim ra mét phwong phdp thich
hop @é gidi cac bai todn dong hoc co cdu phang la mét cong viée can thiét. Bang cdch sir dung ma
tran chuyén Vi va dung cdc phép toan ma trgn nhu cong ma trdn, nhan ma trdn, dao ham ma tran thi
cdc phirong trinh vi tri, van téc, gia toc sé dwoc thiét ldp cho co cau phang. Tir cdc phirong trinh ndy,
déng hoc gidi tich ¢é thé dp dung cho cdc co cau phdng dién hinh. Uu diém trude hét cia phwong
phdp nay la ¢6 thé tinh todn vi tri, van toc va gia toc ciia cdc khdu va cac khép trong co cau chinh xdc
theo bdt ky vi tri nao cia khau dan. Uu diém thir hai ciia phwong phdp la phat trién qud trinh tinh
toan theo huong tw dong nho sw hé tro ciia cdc phcfn mém may tinh nhu MatLab, Excel. Mot vai vi du
duwoc chon ra ¢ day nhdam muc dich minh hoa kha nang ap dung ma trgn chuyén vi dé gidi bai toan
déng hoc cho cdc co cdu phang khéc nhau theo hwdng gidi tich.

Tir khéa: Ma trin chuyén vi, Péng hoc gidi tich, Co cdu phang
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1. INTRODUCTIONS

In planar mechanism, kinematic analysis
can be performed -either analytically or
graphically [1]. Graphical kinematic analysis
is considered as a simple, intuitive method
but less accurate and very difficult to use by
method.
kinematics is based on the matrix called

computer-aided Analytical
transformation matrix which is established
by trigonometric functions in a term of
rotation angle of links. Then, for a given
value of the position (or orientation) of the
input link, the algebraic equations are solved
for the position and/or orientation of the
remaining links. The first and second time
derivative of the algebraic position equations
will provide the velocity and acceleration
equations for the mechanism. For given
value of the velocity and acceleration of the
input link, these equations are solved to find
the velocity and acceleration of the other
links in the system [1].

Analytical kinematics is a systematic
process that is most suitable for developing
into a computer program [l], such as
MatLab, Excel. The paper contains two
parts: the first is to denote theoretical basis,
the second is to demonstrate examples.

2. THEORETICAL BASIS

A mechanism (or linkage) is considered
as a collection of the links that are
interconnected by kinematic joints forming a
single or multiple degree-of-freedom chain.
One link is designated the frame because it
served as the frame of reference for the
motion of all other links [2]. Links are the
individual parts which are considered rigid
bodies. Theoretically, a true rigid body does
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not change shape during motion. A joint is a
movable connection between and allows
relative motion between the links. The two
primary joints are revolute and sliding joint.
Linkage can be either open or closed chains

(Fig. 1,2) [2].
P

Link 3

Link 1

Link O (frame)

Fig. 1: The open mechanism

Fig. 2: The closed mechanism

In order to establish a general formula
for kinematic analysis, it had better to
consider kinematic of one i" link in Fig.
3that is moving in a plane. The point 4 fixes
on the link while the point B moves on a
straight line. We design two coordinate
systems in which one coordinate system
named OoXo:Xp2 is fixed to the frame (the
fixed coordinate system) and the other with
name O:X; X is fixed to the i link (the
moving coordinate system). Here, 4 denotes
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the joint, Oicoincides with 4, and OXi
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_ (%A1 . .
r4 = is the vector specified
Xa2

coincides with AB. The kinematic input
quantities are known as [3]:

Xa1 = Xa1 ()
Xaz = Xg2(t)

0; = 6;(t)
s = si(t)
Where OpA = ra= (x41, x42) is vector

specified position of point A4; (x41, x42) 18
coordinates of point A. The quantity 6;
denotes revolution angle of the link. The
quantity s; denotes the first coordinate of
point B and ¢ denotes time.Here, bold
characters express vector quantities.

onA Xi2
B Xi1
= A\ A,
y The i link
XAz [----4 -3 o
ra :
| Xo1
Oo -

Xa1

Fig. 3: General kinematic model of
planar mechanism

The position of point B can be written in a
term of x4;, x42, 0;, s; as following:

Xp1 = X41 + S;.C0S6;
Xpy = X4 + S;.5inG;

Or

XB1) _ (Xa1 cosf; —sinb;] (s;
{sz} B {xAZ} + [sin 0; cos#; ]{0}
It can rewrite in a vector form [4]:

rg=r,+T;.u (D)

X
Where rpg = { Bl

is the vector specified
xBZ} p

position of point B in the fixed coordinate
system.

position of point A in the fixed coordinate
system.

Si
0
position of point B in the moving coordinate

u; =AB ={ } is the vector specified

system.

is the

T, :[cos 0; —sin Qi]

sinf; cos6;
transformation matrix of the i link compare
to the fixed coordinate system [4].

Then,
established from the first time derivative of

the velocity of point B is

the position equation (1).
i'B = T"A + Ti.ui + Tl'.ill'

Where 15 = {iB 1} is the velocity of
B2

point B in the fixed coordinate system
(absolute velocity).

T, = {xAl}IS the velocity of point A in
A2

the fixed coordinate

velocity).

system (absolute

u; = {%‘}is the velocity of point B in the

moving  coordinate  system  (relative

velocity).

_[—sinBi —cosBi] .

t7 1 cosf; —sing;| "t

0 —17 [cosH;

“’i'[1 O]'[sin@i
=(Ui.I.Ti

— sin Qi]
cos 6;

Here, w; = 6; is the angular velocity of

th 1 O
the 1" link, I = [1 0] is the constant
matrix.

Deduce

i'B = i‘A + (Ui.l.Tl'.ui +Tlul
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Or in the other form the velocity
equation can be rewritten:

Vg = Vy + (ULI Tl-.ui + Ti'ui (2)

The second and the third components on
the right side of the equation (2) characterize
the changes of direction and magnitude of
the position vector # in the fixed coordinate
system.

Continuously, the acceleration of point
B is received from the first time derivative of
the velocity equation (2).

1.73 = i’A + (UllTlul +
(l)i.I.Ti.ui + a)lITlul +Tlul + Tlul

Replace T; = w;.I.T; in the above

equation, we get:

T'JB = iJA + a)lITlul +
(l)ll(l)llTlul+(1)llTlul+
a)lITLul +Tlul

Or szvA+a)lITlul+
wiZ.IZ.Ti.ui + ZCULI Ti.ili + Tlul
0 —-11 10 -1
2 —
= [1 0 ][1 0 ] -

[_()1 _01] == [(1) (1)] = —E; here, E is the

unit matrix.

Where

The quantity called
angular acceleration of the i link, and the
quantity ii; is relative acceleration of point B
in the moving coordinate system.

Deduce

d)i = & is

i73 = i’A + Si.I.Ti.ui — (l)le Ti.ui
+ Z(J)LI Ti.ili + Tlul

Or

ag = a, + (si.l.—wiz.E).Ti.ui +
Za)llTlul +Tlul (3)

Where a,,ap are the absolute

acceleration of point A and B. The third

component on a right side of the equation (3)
is known as Coriolic acceleration [3].

In a special case, if point B is fixed to
the i link, it meanss; = const leading

u; = iu; = 0. Equations (2), (3) can be

rewritten as /
e

Vg = Uy + (UlI Tl-.ul- &4)

as = a, + (si.\«—wiZ.E).Ti.ui (5)

3. EXAMPLES /'

Example 1: A

Given: Link 0 & Frame; Link 1 =
Rotation rod OB moving with 6 = 0(t);
Link 2 = Slider A moving with s = s(t)

I
Determine: poeition, olute velocity,

n of the slider A.

and absolute accgle

(Fig. 4)
Xo2
B
X2 s=s()
-
Xi1 A
00=0,=0 0=0(1)

Xo1
Fig. 4: Mechanism of slider on rotation
rod
Solution:

Chain of link: Frame + (revolute joint O) +
Rotation rod OB + (sliding joint) + Slider A

Using equation (1): ry=1,+T;. w4y
. (0 . __[cos8 —sinf].
Where: 7 = {0} > I = [sinQ cos 6 ]’

s
w = {o}
Leading position of slider A :
ra =it =01+ [sms
_ {s. cos 9}
s.sin6

o 1o}
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Using equation (2):

vA = vO +(U1.I.T1.u1 +T1.i’,1

Where: v, = {g} I = [(1) —01]; it = {3},
w, =6

Then, absolute velocity of slider A is
determined

(3

oy o1lme coos o} *

[Gne cose 16}
va= {zﬁ} N {—99..';.;1: 99: ﬁ'sciﬁsee}

Using equation (3):

a, =ay+ (&.1.—w2.E).Ty.u; +

20, LTy ity + Ty ity

Where: a, = {g} ; E= [(1) (1)], iy = {(S)},
g =0

In similar way, we get the final result.

a _{aAl}_
A7 lag) —

{—éz.s.cose —@.s.sin6 — 20.$.sin @ + $.cos @
—02.s.sin6 + 8.5.cosO + 20.5.cosO + 5.sin b

Example 2: (Culit mechanism) [2, 3]

Given: Link 0 = Frame; Link 1 = Crank
O1Arotating withw = const andf = w.t ;
Link 2 = Slider A; Link 3 = rod O3B;
Length of O1A = ; Distance of 010,=d

Determine: position, sliding velocity, and
sliding acceleration of the slider A on the rod
03B; position, angular velocity, and angular
acceleration of the rod O3B. (Fig. 5)

81

Fig. 5: Culit Mechanism

Solution:

This mechanism is a closed chain that
consists of two open link chains.

The first chain of links: Frame + (revolute
joint O1) + Crank O1A + (revolute joint A)

The second chain of links:

Frame + (revolute joint O3) + Rotation rod
O3B + (sliding joint) + Slider A + (revolute
joint A)

Two chains are closed at joint A.

Position of revolute joint A is determined as
following.

With the first chain of linkage, applying
equation (1) for this case:

TA = T01 + Tl.ul

Where:
(0 . __[cos6; —sinBy]
To1 = {0} > I = [sin 0, coso, ™17
Ny _p_
{O}, 0, =6 =w.t

With the second chain of linkage, in a
Simﬂarity: ry =7"p3 + T3. Usj

Where:
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ro={5) T=[de;

v~

Two open linkages must have a same
position of point A. It means

—sinf3]
cosfs |’

T01 + Tl.ul = T03 + T3.u3

Replacement and combination of above
equations, we get equation systems:

{ s.cos 3 = l.cos 6,
—d + s.sinf3 = l.sin 6,

Solving two algebraic equations to get two
unknown quantities be functions of given
quantitiesas d, [, 0, = 0 = w.t

Similarly, the velocity of revolute joint A is
determined as following.

With the first chain of linkage, applying
equation (4) for this case:

vA = v01 + (1)1.1. Tl.ul

With the second chain of linkage, using
equation (2):

Vy = Vo3 + (1)3.1. T3.u3 + T3.il3

Two open linkages must have a same
velocity of point A. It means

Vo1 +w.1.T{. uy
= v03 + (4)3.1. T3.u3
+ T3.il3

0

0};0)1:0); I=

Where: v = vp3 = {
0 —11. . _ (s

[1 0 Js s = {0}
Finally, the velocity equation system can be

write as

{—a)3.s. sinf; + s.cos 03 = —w.l.sinf
®3.5.€0S 03 + $.sinfO3 = w.l.cos O

Here, we get two algebraic equations with
two unknowns $§ and ws3. These unknowns
are solved in a term of 6, w, /.

In the same as way, the acceleration of
revolute joint A is also calculated.

With the first chain of linkage, applying
equation (5):

aA = a01 + (81.1.—(1)%.E).T1.u1

With the second chain of linkage, using
equation (3):

aA = a03 + (83.1._0)%.E).T3.u3
+ 2(1)31 T3.il3 + T3.i:l3

Combine two the vector equation, it can be
received

a01 + (81.1. _(U%E)Tlul = a03
+ (531—0)?2)E)T3u3
+2(U3.I.T3.il3 +T3u3

Where apq = ap; = {8}, & =w; =0 ;

0 17. .. §
E=y ol is=1o)

1 0> ™" lo
Expand the vector equation, we get two
algebraic equations. Replace the known
quantities as 01 , 63, w1, @3, €1, 5, S in the
above algebraic equations of acceleration,

we continue to solve and determine €5 , §.
Example 3:(Slider-crank mechanism) [2, 3]

Given: Link 0 = Frame; Link 1 = Crank OA
rotating with w = const and 6 =w.t ;
Link 2 = Connecting rod AB; Link 3 = Slider
C; Length of OA=a ; Length of AB=5

Determine: position, sliding velocity, and
sliding acceleration of the slider C; position,
angular velocity, and angular acceleration of
the connecting rod AB. (Fig. 6)

Solution:
This mechanism is a closed chain.

The chain of links: Frame + (revolute joint O)
+ Crank OA + (revolute joint A) + Connecting
rod AB + (revolute joint B) + Slider C



Journal of Technical Education Science No.36 (06/2016) 33
Ho Chi Minh City University of Technology and Education

Fig. 6: Slider-crank mechanism

The position of slider C can be determined
by equation (1)

TC :1'3 =T0 +T1.u1 +T2.u2

Where:
_ (0. _[cosB; —sin6;]
To = {0} > T = [sin 0, cosb, ]’
__[cosB, —sinb,] _(ay
2= [sin 6, cosf, ]’ = {0} ’

b s
uzz{O}; 0, =0 =w.t; TB:{O}
Replacement and combination of above
equations, we get equation systems:

{a.cosw.t+b.cos€2 =s
a.sinw.t+ b.sinf, =0

Solving two algebraic two
unknown quantities s and f,are found. Those
are parameters specifying positions of slider

C and connecting rod AB.

equations,

The velocity of slider C can be specified by
equation (4)

vC =vB :vo+w1.I.T1.u1+w2.I.T2.u2
Where:v0={0}; I=[(1) _1]; W =w;

0 0
ve = {o)

Substitution and simplifying, we get

{v = —w.a.sinw.t — w,.b.sin 6,
w.a.cosw.t + w,.b.cosf, =0

Solving two algebraic equations, two
unknown quantities v and w> are found.

Those are parameters specifying velocity of

slider C and connecting rod AB follow to
crank moving.

The acceleration of slider C can be

determined by equation (5)
aC = aB = aO + (61.1. _(U%E)Tlul

+ (&5.1. —w%.E).T,.u,

Where a, = {g

Lol e ={o)

Continue to substitute and simplify the

};sl=d)1=d)=0; E=

acceleration vector equation, we get two
algebraic equations

{a = —w? a.cosw.t — w3.b.cos B, — &,.b.sin b,
—w? a.sinw.t + &.b.cos 0, — w3.b.sin@, =0

Solving two algebraic equations, two
unknown quantities @ ande; are found. Those
are parameters specifying acceleration of

slider C and connecting rod AB.
Example 4: The four-bar mechanism [2, 3]

Given: Link 0 = Frame; Link 1 = Crank OA
rotating with w = const and 6 =w.t ;
Link 2 = Connecting rod AB;  Link 3 =
Pendulum rod; Length of OA = a; Length of
AB = b; Length of BC = ¢; Distance OC = d;
AK = ¢; Angle KAB = a (Fig. 7)

Determine: position, angular velocity, and
angular acceleration of the connecting rod
AB and the pendulum rod BC; position,
velocity, and acceleration of point K.

0=00=0,
Fig. 7: Four-bar mechanism
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Solution:
This mechanism is a closed chain.

The chain of links: Frame + (revolute joint
O) + Crank OA + (revolute joint A) +
Connecting rod AB + (revolute joint B) +
Pendulum rod BC + (revolute joint C)

The position of joint C can be determined by
equation (1) and following the chain of links

TC = ro + Tl.ul + Tz.uz + T3.u3

Where:

(0. __[cosB; —sinb,]
To = {0} > T = [sin 0, cosb, ] ’
T. = [cos 68, —sin 62] )

27 |sinf, cosB, |’

_ [cos 0; —sin 93] )

37 |sinf; cosB; |’

w3 w= () w= ()

=g = [d
91—8—a).t,rc—{0}
Following above process we receive the

position equation

{a.cosw.t+b.cos€2 +c.cosf; =d
a.sinw.t + b.sinf, + c.sinf3; =0

Solving two nonlinear algebraic equations,
two unknown quantities 8> and 65 are found
in a term of 7.

The velocity of joint C can be specified by
equation (4)

‘DC = vO + (Ul.I.Tl.ul + a)z.I.Tz.uz
+ (U3.I.T3.u3

Where: vozvcz{o} ; I:[

0 ! _1]5

1 0
w1 =W,

Finally, we get the velocity equation

—w.a.sinw.t — w,.b.sinf, — ws.c.sinf; =0
®.acosw.t + wy.b.cosb, + wsz.c.cosf; =0

Solving two linear algebraic equations, two
unknown quantities w2 and w3 are found in a
term of 7.

The acceleration of joint C
determined by equation (5)

can be

aC = ao + (81.1. _(U%E)Tlul
+ (52.1. _w%.E).Tz.uz
+ (g5.1. —w3%.E).T5. uy
g = .
Where ao—ac—{o}, g=w;=w=0;
0 1]
1 0
Similarly, we get two velocity algebraic
equations

|

—w?. a.cosw.t — w3.b.cos B, — &,.b.sin b,
— w3.c.co0s0; — £;5.¢c.5in0; =0

—w?. a.sinw.t + &,.b.cos 8, — w?.b.sin 6,
+ &£5.¢.c080; — w3.c.sinf; =0

Solving two linear algebraic equations, two
unknown quantities &, and &3 are found in a
term of ¢.

The position of point K can be specified by
equation (1)
TK = 1'0 + Tl.ul + Tz.uz

Where 1, = {e. cos a}

e.sina
Deduce:

Xg1 = a.cosw.t +e.cosa.cosf, —e.sina.sinf,
Xg2 = a.sinw.t + e.cosa.sinf, + e.sina.cos b,

The velocity of point K can be determined
by equation (4)

vK = ’UO + (l)l.I.Tl.ul + (l)z.I.Tz.uz
Deduce:

{vm = —w.a.sinw.t — w,.e.cosa.sinf, — w,.e.sina.cos b,

Vea = W.A.COSW.t + wy.e.cosa.cosf, + w,.e.sina.sinb,

The acceleration of point K can be

determined by equation (5)
aK = ao + (81. I. _(U% E) Tl.ul
+ (g5.1. —w%.E).T,.u,
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Expand this vector equation we also result in
a similar way.

4. RESULTS
PROGAME

FROM MATLAB

To illustrate support of using computer
program in calculating the kinematic
quantities, we use the results determined
from the example 3 in order to calculate the
position, sliding velocity, and sliding
acceleration of the slider C; the position,
angular velocity, and angular acceleration of
the connecting rod AB in a slider-crank
mechanism.

Given: the crank with length of a =45 mm
revolutes with n = 30 rounds/min = const
(counterclockwise), the length of connecting
rod b = 100 mm

The angle of the connecting rod in function as the angle of the crank

The angle of the connecting rod,[degree]
o

0 45 90 135 180 225 270 315 360
The angle of the crank,[degree]

Fig. 8a: Diagram of angle of the connecting
rod in a function as angle of the crank

The angular velocity of the connecting rod in function as the angle of the crank
1.5

0.5

-0.5

The angular velocity of the connecting rod, [rad/s]
o

45 920 135 180 225 270 315 360
The angle of the crank, [degree]

Fig. 8b: Diagram of angular velocity of the
connecting rod in a function as angle of the
crank

85

The angular acceleration of the connecting rod in function as the angle of the crank
5

4

The angular acceleration of the connecting rod, [rad/s2]
o

0 45 920 135 180 225 270 315 360
The angle of the crank,[degree]

Fig. 8c: Diagram of angular acceleration of

the connecting rod

The displacement of the slider in function as the angle of the crank
150

140

130

120

110

100

90

80

70

60

The distance of the slider from revolution center of crank,[mm]

50
0 45 920 135 180 225 270 315 360
The angle of the crank,[degree]

Fig. 8d: Diagram of displacement of the
slider in a function as angle of the crank

The \elocity of the slider in function as the angle of the crank
200

150

100

50

-50

The velocity of the slider,[mm/s]
o

-100

-150

-200
0 45 90 135 180 225 270 315 360

The angle of the crank,[degree]

Fig. 8e: Diagram of sliding velocity of the
slider in a function as angle of the crank
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The acceleration of the slider in function as the angle of the crank

/ \
u \

-400

o/ \

-800
0

400

200

The acceleration of the slider,[mm/s2]

45 90 135 180 225 270 315 360

The angle of the crank,[degree]
Fig. 8f: Diagram of sliding acceleration of
the slider in a function as angle of the crank

Fig. 8a-f shows diagrams of position,
sliding velocity, and sliding acceleration of
the slider; the position, angular velocity, and
angular acceleration of the connecting rod in
a slider-crank mechanism. (Using Matlab)

5. CONCLUSION

By using the transformation matrix and
using basic operations (such as addition,
scalar multiplication, and derivative) the
position, velocity, and acceleration equation
were established for a planar mechanism.
From these formulas, analytical kinematics
can be applied for some typical planar
mechanism. The first advantage of this
method is able to calculate position, velocity,
and links and joints
accurately at any position of input link. The
second is to develop computation process
automatically thanks to support from
computer program, such as MatLab, Excel.
Some chosen examples illustrate kinematic
analytical ability to different planar
mechanism. In the future, kinematic designs
by graphics can be replaced by analytics in
the machinery design subjects in Vietnam
universities.

acceleration of
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