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ABSTRACT

This research focuses on the observer-based controller of a balancing robot. Firstly, the
dynamic model of the robot is inferred. The uncertainty of the model parameters is then
introduced as constraints in state space. Practically, it is very difficult to measure state
variables as velocity and acceleration. Moreover, system parameters are not always fixed in
operating period. In order to avoid this difficulty, a nonlinear observer associated with the
uncertain model system is used to estimate the state variables. A PD control algorithm is
proposed in order to achieve the control performances. The exponential stabilities are ensured
by Lyapunov techniques. Numerical simulations show the control performance successfully.

Keywords: PD controller; Matlab/Simulink; LQR; observer; Lyapunov component; Balancing
Robot.

TOM TAT

Nghién ciu chd trong dén bé diéu khién dia trén bg quan sat doi véi robot can bang.
Truéc tién, mgt md hinh vé robot can bang (¢ day la hé con ldc ngwot mét bdc) diwoc gidi
thiéu. Sau dé, sw khéng chdc chan cia cac théng sé mé hinh dwoc chdp nhdn 1a cac tham so
bdt dinh cho truéc trong ving trang thai hoat dong. Thuc té, ta rdt khd biét duoc céc bién sé
hé thong nhw van téc va gia toc. Pé tranh nhitng khé khin do, mét bé quan sat dwge dé cap
dé xdc dinh céc bién sé nhur van téc, gia toc mét cach chinh xac. Mgt phwong phdp diéu khién
PD duoc thiét ké dé phi hop cho si khdng chdc chan cia md hinh. Tinh chat én dinh cua bé
diéu khién dwroc dam bao béi phirong phdp Lyapunov. Céc két qua md phong cho thay két qua
diéu khién on dinh, khong phyu thuge sw bdt dinh tir thong sé mé hinh.

Tir khoa: Bg diéu khién PD; Matlab/Simulink; LQR; bé quan sat; thanh phan Lyapunov;
Robot can bang.

1. INTRODUCTION

The study and development of feedback and a chronological list can be found as:
controllers for Balancing Robot (BR) represent  Sliding-Mode Control, back stepping control,
a very complex problem and a great number of  fuzzy control (FLC), Linear-quadratic regulator
researchers have tried to offer solutions. There (LQR), Proportional-integral-derivative (PID)
are many papers that treat the control for BR  [1]. A two-wheeled self-balancing robot is a
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special type of wheeled mobile robot. Its
balance problem is a hot research topic due to
its unstable state for controlling. LQR, FLCM
PID are implemented to test the control system
[2,3]. A hybrid fuzzy PD controller is proposed
in [4]. Other BR models as double-linked
Inverted Pendulum are also controlled [5,6].
Many controlling algorithms and many kinds
of BR have been implemented successfully.

All research works underline the

complexity of control problems, the
difficulty in  implementing  feedback
controllers and compensators. But these

methods of controller-designing base on the
exact model of BR. One of the most difficult
problems is determined by the discrepancy
between the mathematical model and the
actual dynamics of the robot. In real model,
the system parameters are not exact because
of a remarkable error in measurement. These
reasons make the uncertainty of real model.
A mathematical model of any real system is
always just an approximation of the true,
physical reality of the system dynamics.
These modelling errors may adversely affect
the stability and performances of the control
system. Moreover, in those papers, these
authors assumed that all wvelocities and
positions are measurable. In real situation,
velocities that could not be measured will
badly affect quality of controllers.

Depending on these problems, this paper
treats the control problem of a class of BR.
The dynamic model with uncertain parameters
is inferred and the constraints of the state

variables and nonliner components are proved.

Because the estimation of gravitational terms
and inertial components in a real motion of
the robot is very difficult, these components
are treated as uncertain components that
satisfy the inequality constraints. In BR,
practically, it is very difficult to measure state
variables as velocity, acceleration. For this

reason, an observer is proposed and
implemented. The stability of the global
system is proved by Lyapunov techniques.

The paper is organized as follows. In
Section 2, the dynamic model is presented.
Section 3 concerns about the control. Section
4 is dedicated to numerical simulations.
Finally, a conclusion section ends the paper.

2. DYNAMIC MODEL

The dynamic equations of BR were well
studied and a great number of papers treated
the nonlinear model associated with this
robot [7]. Most of the papers were based on
the classical model presented in Fig 1.

According to [7], the general nonlinear
equations of BR (Fig. 1) are:

K= v +msin2H[msinH(LH'Z—gcosé’)Jr F}

- 1 ~mLé?sin@cosd + (1)
) L(M +msin’ @)| +(M +m)gsin6~F cos

iy mg

F(t)
| : —
© " O :

Fig.1 Classical model of BR

Table 1. System parameters

Name Description Unit
M Mass of Cart kg
m Mass of Pendulum kg
L length of Pendulum m
g Gravitational Acceleration | m/s?
F Force on Cart N
X Position of Cart on m

x-direction
0 angle of pendulum rad
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Also from [7], the position control can
be decoupled by the pendulum angle control:

1 —-mL¢’ sinfcosd+ @
L(M +msin®0)| +(M +m)gsin6—F cos

We denote by: x, =6, x,=6, u=F.
Then, (2) becomes:

X =X,
[—mfosin X, COS X, + ]

+(M +m)gsinx —ucosx, 3)

X, =

L(M +msin’ )

Assumption: It is assumed here that the
following technological constraints:

me[mmin’mmax]; M E[Mmin’Mmax];

L& [Lnins Lnac )5 [0S x| <7, @)
Approximating sinx ~x ; sinx~0 ;
cosx =1, (3) becomes:
X =X
{. 2 5)
Xy =7X 1% X, —y5U
m+M m 1
where:ylzg(m)w; y2=M>0; 73:M>0 (6)

The assumptions from (4) determine the
following constraints of the model parameters:

= _g mmin+Mmin . _g mmax+Mmax
71 }/lmin Mmax Lmax ’7/1max Mmin Lmin

c I _ mmax ' _ r‘nmax
7/2 _72min Mmin ’72max Mmin
i 1 1
ely, =—— -—— = | (7
}/3 _7/3““” Mmameax 7/3”‘3)( I\/Imin Lmin:| ( )

3. CONTROL SYSTEM

The control problem consists of finding
the control law u(t) , such that (x,X)

converge to zero. The block of observer-based
control system is presented in Fig 2.

X =X, X

Error e
. 2
Yo TN T VNN T s

LY

X=h+L(x -%)

%, =h(#.8,) - ya+ L, (x, - %)

XX,

Force on Cart (u) PD controller

Fig.2 Control system
3.1 Nonlinear Observer

In order to estimate the state parameters, the
following observer is proposed

{;(1)22""-1()(1_)?1) (8)
)A(2 :h()A(i,)A(g)—73U+L2(X1_)A(1)

Where X, X, represents
X, and L, L,

observer gains. We also define function:

the estimated

states of X, , are the

h(x11X2):71X1_71X1X22 (9)

and we denote by e=x —X the associated

error.  In terms of this error, (9) becomes:

- o .0
h(xi,xz)zh(xl,x2)+[e&+e67]h(xl,x2) (10)

2

h(xl,xz)—h(ki,22)=e(;/1—;/2x22)+é(—27/2x1x2) (11)
The observer gains will be calculated in

order to ensure the observer convergence:

!im e(t)=0 (12)

After simple calculations, the above
equations become:

{ ).(1_);(1:X2_)A(2_L16

o o (13)
%, —%, =h(x,%,)-h(%,%,)-Le



20 Journal of Technical Education Science No.40 (1/2017)
Ho Chi Minh City University of Technology and Education

e=(x,—%,)- Lle—>x—x =6+L6
{' R ITARITRY R
e'+(L1+2y2x1x2)e‘+(Lz+y2xf—yl)e=o (15)

The error convergence can be easily
analyzed by Routh method (Table 1) below.
In the table, ci1, Ci2, c21, C22 are directly
recognized from equation (15), then, aiz and
Cs1 are recognized:

Table 1. Routh table

c, =1 C12:L2+72X22_?/1
Cy =L +2%X, C,, =0
_ 1 2
_L1+7X1X C=L 7% -1
MR

From Table 1 and the constraints (4) we
obtain the observer error convergence
conditions as:

L > 2V o2 Lo > Vi (16)

3.2 PD Controller

Theorem 1: For the system described by (5),
if the control law is given by

ut) =" x (1) + X2, (1)

Vs 73

(17)

where, k, and Kk, are positive controller

gains that satisfy the conditions:

Ki > ¥1imax (18)
a+ j/lmaxﬁ < kl + k25 (19)
(7/min_k1)5+%(k1+k25_a_7/1maxﬂ)<0 (20)

0=k B+ 7,8+ 7, Bmm, +k k0 -0 = 1, <0 (21)
anda, S,y are positive constants that satisfy

the relation3a>%>0; f>20 (22)

Then, the system is stable.

Proof: The following Liapunov function will
be considered:

V(t)=

After small calculations, (23) becomes:

V(t)z%{(a—g)xf+(ﬂ—25)x§} (24)

and from the conditions (22), it is positive

%(axf +B% + 2§><1x2) (23)

definite: V>0 (25)
The derivative of (24) will be:
V = ax X + X%, + 0% X, + XX, (26)

Subtitute X, =y,% —,%X. —yu in (5) into

(26). After simple calculations, results become:
V=- [5( ! ?’1)} ~(k, 5)
+(a+71ﬁ‘k1ﬁ‘kz§)x1xz'(7zﬂ)x1xz‘(7’25))(12)(22
:_[§(k1_71)}x12_(ﬂk2_5+72ﬁX1X2)X22+
+(a+}/1ﬂ—k1,b’—k25)X1Xz—(}/25))(sz2

(27)

2
From Young’s inequality: |X1X2|S%+ x;, the

relation (27) becomes:
(a+7B-kp-kd)xx, <|a+;/1ﬂ kB~ k5|[ +X] (28)

If we substitute (28) into (27), we obtain:

V<=[8(k =) X = (K, — 5+ 7, %% ) % +
Ha+nB-kB—k0) XX, —(7,8) X%
<=[8(k=72) K = (B, =5+ 1., ) X2 +

2
-t 2 |- 0)6

=V S{(71_k1)§+%|a+7lﬂ_k1_k2ﬁ”xlz+

(29)
+[5—k2ﬂ—y2,6x1x2+|a+71ﬁ—k1—k25|]X22—(y2§)X12X22
From (19) and (22), we have:
|a+71:8_k1_k25|:k1+k25_a_71,8 (30)
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We can conclude that:
v S|:(7/1_k1)5+%(kl+k2ﬁ_a_}/lﬂ):|xlz+
+[5_kzﬂ_)’zﬂxlxz+k1+k25_a_7’1ﬂ]xzz_(725))(12)(22

Also, from the Assumption (4) and (22),
we have |xX,| <7, and:

31)

—(75%%,) % <(7.m11,) %; (32)
Subtitute (32) into (31), it results:

V<[~ )3+ Y +kop-a-1f) | )

0K+ oy +k +kf-a= )% ~(10)xx;

From (20), (21), we have:

V<0 (34)

and from (18)- (22), (25), (34), we can
conclude that system is stable with:

limx (t)=0; limx,(t)=0

t—oo

(35)

t—oo

4. SIMULATION

4.1 Simulation of observer-based PD
controller

System parameters were chosen as:

M =01+008(kg); m=0.01£0008(g); L =1+0.7(m)

A Matlab program was implemented to
select randomly the controller parameters in
according with (18)-(22) and observer
parameters in according with (16). One of the
solutions was: k =454.4657 ; k,=919.9060 ;

L=60; L =350 and Lypunov parameters:

a=30.3479; p=195419; 6=86780. With these

results and according to (17), PD controller
parameters would be Kp=45.4657 and Kq=
91.9906.

In the case of M=0.(kg); m=0.01(kg);

L=1(m), the control performance can be

appreciated in Fig. 3, 4 and observer error is
shown in Fig. 5:

Time (s)

Fig.3 Angle of Pendulum (rad)

2 [EEEEEE EREREEEE [ECEEEE L L L 5
H H H from real model

----- from observer

0 01 0.2 03 04 0.5 0.6 0.7
Time (s)

Fig.4 Comparision of pendulum s angles
from real system and observer

4.2 Comparision of LQR controller and
observer-based PD controller

The controller presented in Part 4.1 will
be compared to a LQR control [8]. Based
on [9], the linearized model will be: x=Ax+Bu

o of B
where A= . B= DoX=
2 =73 X

:
c R=1

1
with weighing matrices: Q = {O 1

Using Matlab, control parameters would be:

K =[-2.5503 -1.2288]

The control signal is: u=-KXx

Table 2 below describes the comparison of
response of pendulum angle between PD
controller and LQR controller when the value
of system parameters is not always fixed. From
Fig. 6-21, with uncertain model, response of
pendulum angle with PD controller is
stabilized and nearly the same in all case. But,
with the LQR controller, the response is
affected much and not stabilized in case 2, 6, 8.

e e T T P e TS

SESEEEER

0 01 02 03 04 05 06 07 08B
Time (s)

Fig.5 Error of pendulum’s angle from
observer and real model
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Table 2. Pendulum angle comparison between PD controller and LQR controller

with uncertain

model
PD-based Controller LOR Controller
Case L T BT T T
M =0.1(kg); \ ------ O
m=0.01(kg); 0f- —_ e 0 -fswsagoem ==
0 1 2 3 4 5 6 7 0 1 2 3 4 5 6 7
L =1(m) Time (s) Time (s)
Fig. 6 Fig. 7
Case 2: U S R 50 A
M =M,,, =0.18(k); & ------ Oy
m =0.01(kg); e e SR
o 1 2 3 4 5 6 1 e e S
L= 1(m) Time (s) 0 1 2 'I§|me (94}- 5 6 7
Fig. 8 Fig. 9

Case 3: L S D A

M =0.1(kg); \ ------------- e T e e

m=m,, =0018(g); L O\ ]

0 1 2 3 4 5 6 T 0 1 2 3 4 g 6 T
L= 1(m) g :I'lme (s)
Fig. 10 Fig. 11
Case 4: D s R L
M =0.1(kg); ”5\ """""""""""""""" = """

_ . L e 0 "“&'j_';_.'-f—'ﬁ“i I
m=0.01(kg); e s S N N
L=L,, =17(m) me (5 Time (5

Fig. 12 Fig. 13
Case 5: s S . A i S S S
! ' : ! ! ' 3 T TP N
M=M,=002kg);  ©f \ ------ R obin
m=0.01(kg) 0 el ——— ] 8
0 1 2 3 4 5 6 7
L =1(m) Time(s) ’ 1 2 'I'3|me (:; : ° !
Fig. 14 Fig. 15
Case 6: L S S S E S SERR S L
M =0.1(kg); 05\ ------ A R
m=m_ =0.002(kg); e S S S : "1‘\';;?-"“‘:""’;_"’;""'f""’;"“
0 1 2 3 4 5 6 7 ] 1 2 3 4 5 6 7
L :1(m) Time (s) Time (s)
Fig. 16

Fig. 17
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Case 7: b S S S N
Tt o s s
) UL A I u'h VRS S S —_
Y oo o e S R
L=L,, = 0.3(m) Time (s) vt 'I'3|me (s‘; Cr
Fig. 18 Fig. 19
Case 8: - U A A R A . e o L/
TR s s e
I AN of
m= mmax _0018(kg) ! 0 1 2 3 4 5 6 7 Ug\ ‘‘‘‘‘ ; = 2 3 4 5
L =L, =0.3(m) Time (&) Time (<)
b Fig. 20 Fig. 21

5. CONCLUSION

A lot of control algorithm were
presented and discussed in the literature but
all the authors when treated the certain
models only considering that all the
parameters are measurable ones. To

observer-based PD controller is designed and
implemented for uncertain BR model. The
robustness of the controller with uncertain
model has been investigated. Also, numerical
simulations results were illustrated in Section

4 and an observer-based PD controller was
compared to a LQR control. The controller
performances were specified.

overcome this problem, in this paper, the
observer-based PD controller for uncertain
models has  been  proposed. An
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