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ABSTRACT

In most nonlinear system, it is difficult to identify in a state sapce all system parameters
exactly,especially after a period of working operation since system parameters usually vary.
So, a system control method is very important in this case. This paper focuses on a method of
designing PD controller for a balancing robot-cart. The uncertainty of model parameters was
introduced as constraints in state space. PD controller was designed through choosing
Lyapunov function which was transformed by Kalman-Yakubovich-Popov lemma, a basic
theoretical method based on frequency criterion. After the stability of the control system had
been determined by Lyapunov techniques, stability of the controller was proved by mathematics
and shown by simulation results.

Keywords: PD Controller; uncertain model; Kalman-Yakubovich-Popov lemma; balancing
robot; Lyapunov method; nonlinear design.
TOM TAT

Trong da phan céc hé thong phi tuyén, rat khé dé taxdc dinh duoc todn b cac thong so
hé thong chinh xéac, hodc sau khi hé theng hoar déng mét thoi gian thi thong sé hé théng bi
thay d@éi trong mét khodng nhdt dinh. Do dé, viéc dwa ra mét phirong phdp dé diéu khién hé
thong trong triong hop nhuw vdy 1 rdt qua trong. Bai bdo chii trong vao phwong phdp thiét ké
b diéu khién PD cho mot hé robot cin bang - hé thong con lic ngwoc trén xe. Sw khdng chdc
chan cua cac thong s6 mo hinh 1a cac tham sé bdt dinh cho truéc trong ving khong gian
trang thai. Bé diéu khién PD duroc diroc thiét ké thong qua viéc lira chon ham Lyapunov diwoc
bién d@oi boi bé dé Kalman-Yakubovich-Popov, mét phurong phdp Iy thuyét co ban cua thiét ké
phi tuyén theo tiéu chudn tan sé. Sau khi bg diéu khién dwroc thiét ké va chizng minh théng qua
ki thudt Lyapunov, s on dinh cia bg diéu khién da dieoc chizng minh bang toan hoc va bang
cach céc két qua md phong.

Tir khoa: Bé diéu khien PD; Md hinh khong chdc chan; Bé dé Kalman-Yakubovich-Popov;
Robot can bang; phirong phap Lyapunov; thiét ké phi tuyén.

1. INTRODUCTION

Balancing robots are nonlinear models engineering research. A great number of
which are wvery popular in control research results have represented different
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kinds of control methods for balancing robot
(BR). Classical controller was designed
successfully [1,2]. Nonlinear controllers and
intelligent controllers were also implemented
well [3-6]. All these results based on exact
models. There existed remarkable errors in
measurement between the real system and
mathematical model. In most papers,
mathematical models were used even though
they were just approximate to the true value
and physical reality of system dynamics.

In this paper, a PD controller was also
designed for uncertain BR with stability
assured Dby Lyapunov technique. The
Lyapunov function was selected simply but
the nonlinearity of system made the
derivative of Lyapunov function more
complex. Based on Kalman-Yakubovich-
Popov (KYP) lemma, the result of the
derivative was equivalent to a more simple
form that could be calculated in easier
relations. From these relations, control
parameters were chosen. Besides being
guaranteed by mathematics, the response
performances were proved to work well
through simulation. With PD controller, the
stability of system was still guaranteed by
mathematics and controller was simple to be
designed.

The paper is organized as follows:
Section 2 represents the dynamic model.
Method of designing controller is concerned
in Section 3. Then, performance response is
dedicated in Section 4. Finally, conclusion
ends the paper.

2. MODEL OF BR

The dynamic equations of BR have been
well studied and there is a great number of
papers treating the nonlinear model
associated with this robot [5]. The majority
of papers have studied BR by using the
classical model (Fig 1):

v

Fig 1. Classical model of BR
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Where in, the following notations are used:
M: mass of Cart (kg)
m: mass of Pendulum (kg)
L: length of equivalent pendulum (m)

g: gravitational acceleration (m/s?)

F=L:the Force on Cart (N)
r

X: position of Cart on x-direction (m)
0: angle of pendulum (rad)

From [5], the position control can be
decoupled by the pendulum angle control.

Denoting that:x, =@, x,=6, u=F, then,
(2) becomes:

X =X, 3
—mLXx; sin X, CoS X, +
+(M +m)gsinx, —ucosx,

%= L(M +msin’x, )

4)

Assumption:

The following technological constraints
are assumed:
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By employing the approximations:
sinx ~x,sin’x ~0 and cosx ~1, (4) becomes:

X, = 71X — ¥, X Xs — 73U (6)
m+M m 1

where 7=9|—|>0; 7,=—>0; 7,=—>0 7

h 9( ML] I v (7)

that satisfy the constraints:
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Controller Design

From (3) and (6), the dynamic equation
of BR are defined as:

Bl e
E MK RO

C, =—C
Where: (10)
C,=—73—0C,
The output of the system will be:
y=C'x=[c; C6]|:))((1} (11)
2

Then, (9) becomes:

e sl
X, ‘71_kczcs -1 X=keg || %] -1,

X A X B

Matrix Ais Hurwitz if cc, <0 (13)
ke,Cs {71min3ign (C1C6 ) + Vimax [1_ sign (Clcﬁ )}} +
KLy {iiaSION (G.Co ) + P [ 1-siON (05 ) [} + (24)

~imax TKC,C5 > k|0105|72max

Theorem 1: The system (12) is stable if the
matrix A is Hurwitz, the control law is:
u=—ky (15)
and Jy,kthat the following conditions are
satisfied:

O<y<4 (16)
0<k<— 1 (17)
2\y
C T
0S;f+2Re{E] (ja)l —A)f1 B} VX E["h’?z 771772] (18)
Proof: Define a Lyapunov function:
V=x"Px>0 with P>0 (19)
Then, derivative of (28) will be:
V = X"Px+ X Px
=x" (AP +PA)x+2x"PBu =
=X (ATP+PA)x+2xPBu- yu+yu (20)
From KYP lemma [7] yields:
ATP+PA=-QQ"
with: P >0 (21)

PB-%:J}Q

Substitute (21) and (15) into (20), after
several calculations, yields:

V = {(XTQQTX)—ZXT JrQu +%u2}

= _(§1X12 +6,X. X, +§3X22)

(22)
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G =1 s
=X
Where: {¢,=-2y and{ 1=XQ (23)
1 X, =U
&= E
Substitute Young’s Inequalities

2
§2x1x22—|§2|[x741+x§) into (22), vyields:

v S_[é—%j X12_(§3_|§z|) Xlz (24)

From (16), (17), this inequality can be
inferred V <0 (25)

From (19), (25), the system is stabilized
with the assumption (5).

The Lemma 1 in Appendix 2 described
the conditions ofy,k,c,,c,,C,,C; that make
(18) become true.

3. SIMULATION

System parameters are chosen as:
M=01kg) ; m=00Lkg) ; L=lm) ;
M., =0.11(kg) ; M., =0.09(kg) :
m.., =0.011(kg) ; m..., = 0.009(kg)

L., =09(m) ; L, =11m) ; n=15rad) |,
n, =10(rad / s)
A Matlab  program  has  been

implemented to select randomly the
controller parameters according to (20)-(23)
and clause (xiii). One of the solutions is
inferred as:

¢, = 0.3850; ¢, =-13970 ; c, =-46.8534 ;
C, =-03932; k=24584; y= 00103

The survey of response performance is
implemented in three cases:
Case 1:m=m_ =0.009(kg);
M=M_ =009(kg); L=L, =09(m)

Case 22m=m,, =0.011(kg);
M=M,_ =011kg); L=L, =1.1(m)

Case 3:m=m_, =0.011(kg) ;
M =M, =011(kg) ; L=L, =0.9(m)

The frequency conditions are analyzed
in Appendix 1.

Results of controlling are shown in Fig.
2, 3, 4, respectively and Fig. 5, 6 and 7 are
for initial value of state variables that are far

and near from balancing position,
consequently.
2
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Fig 2. Angle Pendulum in three cases
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Fig 3. Velocity of Pendulum in three cases

4. CONCLUSION

In this paper, a PD controller was
designed for BR models. The robustness of
controller was proved by Lyapunov
technique. In this case, the complex
derivative of Lyapunov function was
shorterned through KYP lemma. Control
parameters were selected through relations
through relations of KYP lemma and
Lyapunov  conditions. The controlling
performances were shown that the system
was stabilized well according to simulation
results.
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Fig 4. Force on Cart (N) Fig 6. \elocity of Pendulum in three cases
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Fig 5. Angle Pendulum in three cases Fig 7. Force on Cart (N)
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APPENDIX 1:

We denote by:

A=yy;

A, =2C,Csy, +C,Ce Y, HCo Y75 + 2C,Cs 77K

A, = yc?c2k? + 157K +2)C,C,C.CK* +2C,C,C.CoK + 7,6,C.C.K — 27,7C,CoK + 7,C,C, + yCicik? +c2c?

7sC,CoK + 1,8 + 21,y

A, = yeiCs,K” —cicgy;K

k—2yc,ck +c,c. +
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As =CC117, = 201C2C5272k - C1C527273k - 2C12C5C67172k + 2C1C2C52727k2 —2cCy, 7,7k + 2C12C5C671727k2

Ag = yCiCy Pk —clci vtk +2yC,C,C.Coy K —26,C,C.Coy K — 7,C,CCoy K — 27C,Co K +CCpf + yCocik? —Cocik — yC,CK +
—2yC,Cor K +C,Cop, + 1iCsty + 17

AImin/max = 7min/max722min/max

*

A minimax = 2C1C5 (¥ 2minimax SIIN(CLCs X ) + 7 2maimin SIIN(C,.C5 X)) +{¥ 3 minymax SIAN(C,C6 X ) +

+7 amaxtminC2Cs [1 = SIAN(C,Cs X )47 minmax Vaminsmax SIIN(C6 X ) + ¥ 2mmaxmin Y amasmin [1 = SIAN(Co X )] JC6 +
+27KC,Co ¥ minmax SIIN(C,C5 X ) + ¥ pmagsmin [1 = SIN(C,C X )]}

Ay =cck?y +kele? +2y¢,C,C,CK 7 +2€,6,CoCeK + C.CoCok{Y armin SIAN(CLCLCo) + Vamex [L— SIIN(C,CC )]} +
~2KyC.Co {1 SIIN(C,Co) + Vi [L = SIGN(C,Co )3+ CCo{Vrin SIIN(CLC3) + e [1 = STAN(C,Co )13+ rE5Cek” +
+C;Cak = 27KC,Cs +C,C5 + CoCe KLY 3in SIIN(C, ) + V3 [L = SIGN(C) T} +{V31in SIGN(CE) + [L - SIGN(C5)]¥ 31 Y5 +
+27Y imin

Amivvmax. = VCrCeK” Y grinymax = € Ca K Y masgmin

Aginmax = ST minvman 2minimax SIIN(C,Cs) + Vsmparmin 2mamin [ = SIGN(C,C5 )} = 2KE,C,Ce { s mymin SIGN(C.C, ) +
7 amingma L= SIGN(C,C, )T} - €. KA amaimin Vamasin SIIN(CL) + Vo Vs (1= S1GN(C) T} +
~20/C5Cek (Vamantmin amntmin 19N (C:Co) + Vamivma Varminymax L= S1GN(C:C5 ))) + 26,66 K PV pminimn SIGN(C.C,) +

+ 7 amasimin [1 = SI9N(C,C, )1} = 2€,CK 7V s mamin 2mainin SIIN(CLCs ) + 1minmax  2minvmax L = SIGN(C1C5) 1} +

+2; Cs K L s V2miniman SIIN(CsCo) + Vamawmin amasimin [L~ S1GN(C5C )T}

At mimas = 7SS Vrmintmas Ot CeKamamin + 27€1C,CCok L maaimin 1= SION(C,C,L5C6 )]+ iy SIN(C.C,C5C5 )} +
~26,0,C5Ck{1manmin SIGN(C.C,C5C5) + Vaminman [L = SIAN(C,C,05C Y13 = C,CoCek{ s manminVamaiin SIN(C,CoCe ) +

+7 ninmasaminmas 11~ SIGN(C.C5Ce )} = 27 C.Cok{imain SIGN(CLC5) + 7-mimas 11— SIGN(E.C )T+ C.Co (Vi SIIN(C.C5) +
+rmasgmin [~ SIGN(C.C6)]) + 7636k = 502K —KC,C {3 rgmin SION(C,) + Vs [L = S1IN(C, )T} +
=2C,C5K 7LV 1maxinin SIINC,C5) + Vaminmax [ = SIGN(C,C5 )1} CoCs {1 SIAN(C,C5 ) + Vamin [1 = STAN(C,C5)] 3+

+CS{}/1min/max}/3min/maxSign(CS) + 71max/min7/3max/min [1_ Sign(Cs)]}-l- lemin/max

APPENDIX 2:
Lemma 1.The frequency condition (26) will be satisfied if the following conditions are

satisfied:
CONDITION A: (i) or (ii) or (iii) or (iv)
CONDITION B: (v) or (vi) or (vii) or (viii) or (ix) or (x) or (xi) or (xii)
then VX e[-nm, mm):
f(X)=A,X +AX + 40
f,( X)=A,X + AX +40

and

. . . A,
(0): ((Almin (771772 )2 +Agmin? W12 + Agin ) z 0) m([ e ] = _771772J

2A7

1max

i) (s, < o)m[(i—j , —nlnz]m(A;mm ~0)

1min
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): (7, 20)r [(ZAA;T”J%%] (8,0 20)

1min

S A A . . « x
{N) ([ﬁ] 2 nlanm(((Almin )2 (771772 )2 _A2m3x771’72 + A3min ) 2 0) m(AZmin 2 O)

1max

(V)( smin )ﬁ( :maxgo) (( 4min (771772) +A5mm771772+A6mm) 0)0[(_21;&j2(771772)J

4min

(VI) ( 5min — ) Zmax - ((A4mln 771772 +A5m|n771772 +A6m|n) O)ﬂ([— ASmax \J>771772J

2A4max

(vii): (A; in 20 Ayin —0 ﬁ[[ o ’71’72)J

4m|n

(Vi) (AL 20) M (Af e <0) N H_ ZAASmax }<ij

4max

(0: (Afa <O) N (Agn ﬂ[[ o ]<771772J

4m|n

00 (85 <0) (B = m[(zismm}mJ

4max

(Xi): ( ;mln 2 O) 4m|n - m((A4m|n 771772 A;maxnlnz + A‘E;min ) 2 O)ﬂ(( ASLnaX ] 2 771772]

==\ . * * A*mln
(Xli) ) ( 5max < O) ( 4max — )m((A4mm (771772) 5max771772 + A6m|n) 2 0) M ° 2 i,
24,
4max
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