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ABSTRACT

This research proposes a new method to synthesize a robust observer for the polynomial
systems in the presence of the uncertainties. Here, a special mathematical transformation is
carried out to convert the uncertain polynomial systems into the unknown input polynomial
systems and then the robust observer is designed for estimating the state variables of these
systems. Moreover, unlike the existing papers where the bounded conditions of the
uncertainties must be given, in this paper, the bounded constraints of the uncertainties are not
known in advance and the influences of uncertainties are completely eliminated without using
a controller or other techniques. Additionally, a new form of an observer is presented to
reduce the complexity of derivation and make the observer synthesis procedure be more
relaxed. On the basis of Lyapunov theory and Sum of Square (SOS) technique, the conditions
for observer synthesis are derived. Finally, a numerical example is shown to prove the
effectiveness of the proposed method.

Keywords: Observer Design; Uncertain polynomial systems; Sum of Squares (SOS);
Unknown Input Systems; Nonlinear systems.
TOM TAT

Trong nghién cizu ndy, ching tdi trinh bay mét phwong phap méi dé thiét ké bg quan sét
bén viing cho hé thang da thirc véi si xuat hién cua cac thanh phan bdt dinh. Dé 1am duwoc
diéu nay, hé thang da thizc véi thanh phan bdt dinh sé duwoc chuyén thanh hé théng da thirc
Véi ddu vao bat dinh, sau dé bg quan sét bén viing sé duroc thiét ké cho hé thong nay. Khéc
Véi cac nghién citu truedc day noi ma diéu kién bao cua cac thanh phan bdt dinh phdi duoc
dua ra, trong bai bao nay, diéu kién bao cua thanh phan bdt dinh khong can duwoc biét truée,
va nhitng dnh hwong cua thanh phan bdt d@inh sé duwoc logi bé hoan toan ma khéng can si
dung bg diéu khién ciing nhw céc ky thug tkhac. Ngoai ra, trong bai bao nay, chung ti ciing
dwa ra mgt mé hinh mgi cho bg quan sat. Vai mé hinh mai nay, sé gidp giam di do phuc tap
trong qua trinh chizng minh va lam tang tinh linh hoat cua phwong phép so véi cac phuong
phap cii.Dya trén Iyt huyét Lyapunov va ky thuat SOS (tong cua cac binh phuong), chiing toi
da xay dung duoc cac dieu kién cho viéc thiét ké bé quan sat bén viing. Phan cudi cua bai
b&o, mét vi du minh hoa duroc trinh bay dé ching minh tinh hiéu qua cua phirong phap méi
trong bai bao nay.

Tirkhoa: Thiét ké bé quan sat; Hé thang da thirc véi thanh phan bdt dinh; Téng cac binh
phurong (SOS); Hé théng véi dau vao bat dinh; Hé phi tuyén.
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1. INTRODUCTION

Solving the problem of nonlinear systems
is always a challenge for many researchers.
There are many methods developed to
resolve the nonlinear systems. Among of
them, polynomial systems which represent
the nonlinear system as a linear form with
polynomial matrices are examples [1].
Fortunately, by the aid of Sum of Squares
techniques [2], the polynomial systems
become an effective tool for solving the
issues of nonlinear systems. Recently, there
are many papers studying about polynomial
systems. For example, the state feedback
controller for the polynomial system was
investigated in which a new transformation
technique was introduced to make the
conditions for controller design more relaxed
[3]. In addition, the discrete-time controller
synthesis for the discrete time polynomial
systems was concerned in [4]. Moreover, a
sliding mode controller was investigated in
[5] for stochastic polynomial systems where
the state variables of this system were
unavailable.

In numerous practical systems, some or
all state variables are immeasurable due to
the reason of technology. However, it is
really necessary for controller design or
monitoring  systems.  Therefore, many
researchers have seriously paid attention to
designing observer. In terms of designing
observer for polynomial systems, it has been
considered in several papers in recent
decades [4], [6-8]. For example, in [4], a
filter which was incorporated with an
integrator was synthesized for discrete time
polynomial  systems. Furthermore, the
observer synthesis for the polynomial system
which bounded disturbance was concerned in
[6] or observer was designed for the system
with fixed and unknown delay times in [7]
and [8], respectively.

In practice, numerous nonlinear systems
were affected by the uncertainties. These
uncertain terms did make the controller,
observer design more complicated. In order
to overcome this difficulty, there existed
many methods developed in a number of the
previous papers [9-13]. For instance, the
output feedback controller for the uncertain
polynomial system was designed in [9] with
iterative SOS approach employed to obtain
controller ~ parameters.  However, the
uncertainties in [9] and [10] must fulfill the
bounded constraints and using iterative SOS
approach  will be  time-consuming.
Additionally, the robust controller was
designed for discrete-time and continuous
time polynomial systems in [11] and [12],
respectively. In [13], the state feedback
controller incorporating with integrator was
investigated in [13] where the influence of
uncertainties was eliminated by employing

the H_ technique.

With above analyses and the reviewing
literature, it is seen that the observer design
for uncertain polynomial systems is not
considered. In addition, in previous studies,
the upper bounds of uncertainties must be

given in advance and controller or H

technique should be used to eliminate the
effects of uncertainties, otherwise, it is
impossible to get feasible solutions. Recently,
an approach based on unknown input method
to designing observer has been proposed in
[14] that allowed to synthesize the observer
and to eliminate the unknown input without
knowing bound constraints of them. In this
paper, we aim to propose a new approach
based on unknown input method to
synthesize observer for polynomial systems
with uncertainties in which the upper bounds
of uncertainties are unknown. Unfortunately,
the method in [14] remains the drawback
when the parameters of observer form still
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exist in the constant matrix. In addition, it is
very difficult to solve condition (18) of
Theorem 1 in [14] because matrix R(y) is
polynomial matrix while others are constant
matrices. We also try to extend the observer
form (5) of [14] with polynomial matrix E(y)
instead of constant matrix E, however, this
form causes the derivation procedure to be
extremely complicated. Due to this reason,
we propose a new form of the observer for
uncertain polynomial systems that will not
only be more relaxed than that the form in
[14] but also reduce the complexity during
derivation.

The rest of this paper is organized as
follows. The system model and problem
description are presented in Section 2. The
observer design with two main theorems is
shown in Section 3. The illustrated example
is in Section 4 and a conclusion is presented
in Section 5.

Notations: A >0 denotes the positive
definite matrix A; AT denotes the transpose
of matrix A; A™ denotes the inverse of A;
A" denotes the Moore-Penrose
pseudo-inverse of Aand A" = (ATA) A", The

symbol R™™ denotes the set of nxm
matrices; | denotes the identity matrix.

2. SYSTEM MODEL AND PROBLEM
DESCRIPTION

2.1 System model

Let us consider the polynomial system
with uncertainties as follows:

X(t) = (A1) + AA(S (D)) x (1)
+(B(&(1)) + AB(S(D)))u(t) 1)
y(t) = Cx(t)

where x(t) e R", y(t)eR® and u(t) eR"
are vectors of states, outputs and inputs,
respectively. The polynomial matrices

AEM) eR™ . B(S(E) eR™
system matrices and a constant matrixC is
output matrix. AA(&(t)) and AB(&(t))  are
the uncertainties of matrices A(&(t)) and
B(&(t)) . £(t) is the measurable variable that

could be the external signal, output y(t) or
time.

are the

From now on, in order to save the typing
space, the brief forms x, y, u, and & are

used instead of x(t), y(t), u(t),and&(t).
Proposition 1[4]: assume p(x) is a SOS,

p(x) can be express as p(x)=zn:q, (x)%,

1=1
where ¢, (x) is a polynomial in x. Therefore,

when p(x) is determined as the SOS, it
implies that p(x) >0.

2.2 Problem description

Suppose that all or some state variables
of the system (1) are unavailable, however,
they are necessary for controller design or
system supervision. Therefore, this paper
addresses to synthesize an observer for (1) to
estimate the state variables. However, due to
the effects of uncertainties, it is very difficult
to design the observer for the system (1). In
order to overcome this challenge, several
methods have been proposed in the previous
papers to eliminate the influences of
uncertainties. The upper bounds of the
uncertainties in these studies, however, must
have been known in advance and the
controller was needed to eliminate the
impacts of uncertainties. Otherwise, it is
infeasible to synthesize observer for the
system (1). To overcome this drawback, this
paper proses a new approach based on
unknown input method to not only eliminate
the effects of uncertainties but also guarantee
the estimate states approach to real state
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asymptotically. Before synthesizing observer,
the following assumption is needed.

Assumption 1: Assume that

AA(S) =D(8)-Aa(g) , AB(S) =D(S).Ab(S) .
D(&)is the polynomial matrix, Aa(¢$), and

Ab(&) are time-varying uncertainties. D(&)

and C are full normal column rank and full
row rank; rank (CD(&) )=rank(D(¢&)).

3. OBSERVER DESIGN

On the basis of the Assumption 1, the
uncertain  polynomial  system (1) is
transformed into unknown input polynomial
system (2)

{X = A(S)x+B(S)u+D()y (1)

y = Cx )

where () =Aa(&)x(t) +Ab(Su(t)

The system (1) has been turned into
unknown input polynomial system (2),
therefore, the observer will be synthesized
for (2) instead of (1).

For primary thinking, we try to use the
conventional observer form in [14], however,
this form has brought two drawbacks as we
mention in Section 1. Owing to this reason, this
paper proposes a new observer form as follows:

£=N(&)R+G(EU+LE)Y+F(&)y 3)
§=CR

where X and Yy are the estimation of x(t)
and y(t) .

It is seen that all parameters of (3) are
the polynomial matrices. It is less
conservative with respect to the observer

form in [14], because there exist a constant
matrix parameter in observer in [14].

The estimation error is defined as follows

e(t)=x—x (4)

Taking the derivative of (4) yields
&(t) =X —X (5)

Theorem 1: Considering system (2), the
estimation error (4) with observer (3) is
approach zero asymptotically if there exist
matrices N(&) , G(&) , L(&), F(&) and a

symmetric matrix P satisfying the following
conditions:

AE)-F(SCAE) -L(E)IC-N(£) =0 (6)
B(&)-F(CB($)-G($) =0 (7)
D(&)-F(5CD($) =0 (8)
V' (P-g)v is SOS 9)
VT (NT(E)P+PN(&) +&,(£))V is SOS (10)

where v, and v, are vectors with

appropriate dimensions that do not depend on
¢, §>0,andg,(s)>0.

Proof:
Substituting (2) and (3) into (5), it obtains

0 =[AEX+BOU+ D701,
AN@R+G(Eu+LEY+F ()]

From (2), we have

y =Cx=CA(£)Xx+CB(&)u+CD(&)(t) (12)
Substituting (12) into (11), we obtain

e(t) =[ A(€)x — F(§)CA(&)x~ L(£)Cx

=N (&)X+B(Su—-F(£)CB(Su-G(&)u
+D(&)y (1) - F(£)CD(&)r ()]

=[(A(€) - F(£)CA(S) - L(§)C — N(£)x
+N(S)(x=X) +(B(£) - F(S)CB(5) -G()Hu

+(D(£) - F(£)CD())r (1)] (13)
If the conditions (6)-(8) hold, (13) is
equivalent to

e(t) = N(S)e(t) (14)
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Select the Lyapunov function:

V(t) =e' (t)Pe(t) (15)
Taking derivation of (15) yields
V (t) =¢é' (t)Pe(t) +e' (t)Pé(t) (16)

Substitute (14) into (16), one obtains

V(t)=e"N"(&)Pe+e PN(&)e an
=e"{N"(5)P+PN(&)}e

From condition (10), it implies that
V(t)<O0 then the estimation error (4) is

guaranteed to  converge to
asymptotically. Proof is completed.

Zero

Because (10) is Polynomial Bilinear
Matrix Inequality (PBMI) which is difficult to
solve by SOS tool in Matlab, therefore, it needs
to transform into Polynomial Linear Matrix
Inequality (PLMI). The Theorem 2 is necessary
for transforming PBMI (10) into PLMI.

Theorem 2: Considering system (2), the
estimation error (5) with observer (3) is
approach zero asymptotically if there exist

matrices N(&) , G(&) , L) . F(5) .
X(&), Q(&) and a symmetric matrix P
satisfying the following conditions:

(AQ) - U (E)CAN P~ (V()CAE) X (&)
~CTQ" (&) + P(A£) - (U(£)CA(£))
—X(&)(V(£)CA(£)) -Q(£)C <0

where:

(CD(£))" =((CD(&))" (CD(£)) ™ (CD(E))'

(18)

U (&) =D(£)(CD(&))" (19)
V(&) =(1-(CD())(CD(S))") (20)
X(&)=PY(%) (21)
Q(&) =PL(S) (22)

And the parameters of observer (3) are
computed as follows

F(&)=U)+Y(EV(S) (23)
G(S) =B(5)-F(SCB(S) (24)
L(&) =P7Q() (25)
N(&) = AG)-F(£)CA(S) - L(5)C (26)
Proof:

From (8), we have:

F(£)CD(S) =D(S) (27)
General solution of (27) is
F(&)=D(5)(CD(S) 28)

+Y (E)(I - (CD(EN(CD(S)))

where Y (&) is arbitrary chosen and the
Moore-Penrose pseudo-inverse of CD(¢&))

(CD(&))" =((CD(&))" (CD(£)) " (CD(&))"

Denote

U(£) =D()(CD(S)"

V(&) =(1-(CD())(CD()")
Substituting (29) and (30) into (28) yields
F(&)=U)+Y(EV(S) (31)
From (31) and (6), we have

N(S) = A(S) - (U(S)CA(S))
—~(Y(E)V()CA(L) - L(HC

From (10) of Theorem 1, it implies that

(29)
(30)

(32)

NT(£)P+PN(£) <0 (33)

Substituting (33) into (34) obtains
(A(S)-(U(HCAQ)))'P
~(V(§)CAE) Y (§)P-CTL ()P
+P(A() - (U (S)CA(S))
—PY(E)(V (£)CA(£)) - PL(S)C <0

Let:

X(&)=PY(S)
Q(&) =PL(S)

(34)

(35)
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Substitute (31) into (30), we obtain

(AQ) = (U (CAEN P~V (SCAE) X (&)
~C'Q" (&) +P(A(£) - (U(£)CA(L))
—X(E)V(5)CA(£)) -Q(5)C <0

It is seen that (36) is PLMIs and is the
same with (18) of Theorem 2, it means that
PBMI (10) is transformed PLMI which is
solved by SOS tool easily. Proof of Theorem
2 is completed.

4. ILUSSTRATIVE EXAMPLE

Consider the nonlinear system as follows

(36)

%, (t) = —0.2x, (t) + 0.5%,° (t) + 0.5%,°u(t)
X, (t) = (0.3— x4 (t))x, (t) — 0.1x, (t) + 0.3u(t)
%, (t) = (0.3— X, (1)) X, (t) —0.6x,(t) +0.4u(t)
y(t) = x(t)

Nonlinear system (37) can be rewritten

as the form (1) with £=y and we assume
that this system is affected by uncertainties.

37)

X = (A(y) +AA(Y))x+(B(y) + AB(y)u(t) (38)
y =Cx
where
[0 —0.2  0.5y?
A(ly)=/03-y -0.1 0
i 0 03-y -0.6
0.5y
B(y)=| 0.3 ,C=[0 0 1],
0.4
The uncertainties:
-0.01y -0.01 -0.02y-0.1
AA(y)=[-0.02y*-0.2y 0.01y+0.1 0.02y*+0.1y-1
-0.2y 0.01 0.02y-0.1
0.1y

AB(y)=|0.1y* +vy |.
0.1y

Based on Assumption 1, we may transform
(38) into the form of system (2) with

0.1
D(y)=|0.1y+1]|.
0.1

The conditions of Theorem 2 are solved
by SOS tool of Matlab and the parameters of
observer (3) are obtained as follows

—2588.508y” +36949.196y —99509.890 |
L(y) =| -36056.363y” + 438484.346y —895216.651
1.698y? —1.729y +9.300
0 2589.0y% -36949.1y |
4995104
36056.3y° - 438483.7y
N(y)=| 03 -y y*+9.7y - 29
v SRy +895222.6
0 -16y° +1.7y
93 |
1 0.5y°-0.4
F(y)=| y + 10| G(y)=|-04y - 37
1 0

Simulink of Matlab has been used to simulate
and obtain the following results.

I
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Fig.2 Real state x, (t) and estimated X, (t)



Fig.3 Real state x,(t) and estimated X, (t)
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The simulation results are demonstrated

in Fig 1 to Fig 6. The real states™, %2, %

and their estimations are expressed in Fig. 1,
Fig. 2 and Fig.3, respectively. Additionally,

the estimation errors & , € , and © are

presented in Fig 4-6. From these figures, it is
clearly seen that the estimated states
approach to real states asymptotically. It
means that the proposed method successfully
synthesized observer for the uncertain
polynomial system (1).

5. CONCLUSION

In this paper, the approach based on
unknown input to design observer for the
uncertain polynomial system is presented.
The bounded constrains of uncertainties are
unknown in advance and the effects of
uncertainties are eliminated without using the
controller. By aids of Lyanopunov and SOS
techniques, two Theorems for observer
design are derived. The simulation results of
the example haveproved the effectiveness of
the proposed method.
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