Tap Chi Khoa Hoc Gido Duc Ky Thudt (33/2015)
Truong Dai Hoc Sw Phagm Ky Thudt TP. Ho Chi Minh

MO RONG TIEU CHUAN POI NGAU
CHO CAC HE PHI TUYEN DAO PONG TUAN HOAN
EXTENSION OF DUAL CRITERION TO
PERIODIC VIBRATIONAL NONLINEAR SYSTEMS
Nguyén Pong Anh, Nguyén Minh Triét
Truwong Dai hoc Cong Nghé, PHQOG Ha Ngi
Ngay toa soan nhén bai 28/5/2015, ngay phén bién danh gia 22/6/2015, ngay chép nhén ding 8/7/2015

TOM TAT

Gan ddy, mgt cdch tiép can méi cho bai todn phi tuyen vé dao dong va dzeu khién ket cdu
dwge d@é xudt boi N. D. Anh. Cdch tiép cdn nay dwoc biét vdi tén goi cdch tiép cdn doi ngau Vi
quan diém tao ra mot sy hai hoa trong nghién citu, cho phép phat hién ban chat cia vdn dé mét
cach day du hon. Ap dung cho linh vuc tuyén tinh héa twong duong da dan dén ky thuat cuc
tzeu binh phwong ddi ngdu (goi tit la kY thugt déi ngdu). Ban d‘au kp thudt doi ngau duwoc deé
xudt trong nghién cieu dao dong ngau nhién cia cac hé phi tuyén mét bac va nhiéu bac tw do
V6i kich ddng ngoai on trang. Muc dich cua bai bao nay la mo rgng tiéu chudn déi ngdu trén
dé nghién ciru hé dao dong phi tuyén tuan hoan nham xdac dinh tan sé dao dong riéng. Nghién
ciou da dé nghi mét cong thire xdc dinh hé sé tuyén tinh héa trung binh doi ngau dwa trén hai
hé s6 tuyén tinh héa iing véi hai gid tri bién cua trong so. Ap dung cho hé dao dong phi tuyén
Duffing bdc cao cho thdy céng thirc diege dé nghi cé sai s6 nhé hon nhiéu so véi céng thike kinh
dién. So sanh trén cho thdy cé kha ning ap dung cong thirc dwoc dé nghi dé xdac dinh tan sé dao
déng riéng ciia cdc hé phi tuyén phirc tap khéc.

Tir khéa: tiép cdn doi ngdu, tuyén tinh héa twong dwong, trong so, duffing bdc cao.
ABSTRACT

A new approach to nonlinear problems of vibration and structural control was recently pro-
posed by N. D. Anh. This new approach called as dual approach has a conception of balance
in research which allows finding the essence of problem in fuller details. The application to the
equivalent linearization leads to the technique of dual mean square minimum (dual technique
in short). At beginning the dual technique was proposed for single and multi-degree-of-freedom
random nonlinear vibrations. The objective of this paper is to extend the dual criterion to peri-
odic nonlinear vibrational systems in order to find natural frequencies. A formula of dual aver-
aged coefficient of linearization is proposed corresponding to the boundary values of weighting
coefficient. Application to Duffing systems of high nonlinearity shows that the proposed formula
gives less error than the classical formula does. The comparison leads to a possibility of further
use of the proposed formula to find natural frequencies of more complicated nonlinear systems.

Keywords: dual approach, equivalent linearization, weighting coefficient, high order duffing.
1. MO DAU

Céc hé k¥ thuat thuong 13 cac hé phi tuyén
va md hinh tuyén tinh 1 mé hinh don gian hay
duoc dung nhit dé mé ta gan dung céc hé nay.
Tuy nhién trong nhiéu trudng hop khi can mé
ta chinh xac hon ngudi ta van phai st dung mo
hinh phi tuyén va cac phuong phap giai tich
xap xi 14 céc cong cu thich hop dé phan tich

céc bai toan phi tuyén. Ngay nay, cung vdi su
phat trién cta cac phuong phap s6, su két hop
voi phuong phéap gidi tich gitp cho viéc gidi
céc bai toan phi tuyén trd nén thue té va kha
thi hon. M¢t trong nhitng phuong phap giai
tich duoc sir dung phd bién 13 phwong phép
tuyén tinh héa tuong duong, do N. Krylov va
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N. Bogoliubov dé xuit [1]. Y tuéng co bin
ctia phuong phap tuyén tinh héa 1a thay thé hé
phi tuyén ban dau bang mot hé tuyén tinh ma
céc tinh chat dong luc hoc cua hé phi tuyén cé
thé dugc nghién ctu théng qua hé tuyén tinh
nay, do vy, dan t&i khai niém vé hé tuyén tinh
héa twong dwong. Phuong phap tuyén tinh hoa
tuong duong cuia Krylov va Bogoliubov da
dugc nhiéu nha khoa hoc phat trién cho linh
vuc dao dong ng?iu nhién, trong do ti€u chuin
turong duong dua trén diéu kién binh phwrong
t6i thiéu do Caughey dé nghi duoc su dyung
phd bién nhét [2-6]. Tiéu chuin nay chu yéu
nhdm t&i cdc hé phi tuyén ngiu nhién, tuy vy
van ap dung dugc cho hé phi tuyén cé dap ting
tudn hoan khi thay phép liy trung binh theo
xé4c sut bang phép lay trung binh trong mot
chu ky dao dong. Y tudng cua tiéu chuin n 1a
thay thé hé dao dong phi tuyén ban dau bang
hé dao dong tuyén tinh c6 cing kich dong,
trong do cac hé s6 tuyén tinh hoa duoc xac
dinh bang tiéu chuan cuc tiéu héa trung binh
binh phuong cta sai s6 phuong trinh. Tiéu
chuan do Caughey d¢ xuat thuong dugc coi 1a
co s& dé so sanh cho cac phat trién 1y thuyét
ctia phuong phap tuyén tinh hoa trong dwong
vé sau. Vi li do d¢, tiéu chuan nay con duoc
biét dén véi cac tén goi khac nhu ‘tiéu chudn
kinh dién’, ‘tiéu chuan thong thuong’.

Nhu vy, y tuéng co ban cia tiéu chuin
tuyén tinh hoa twong duong kinh dién cho
rang viéc cyc tiéu hoa sai s6 phuong trinh hay
sai s6 giita ham phi tuyén va ham tuyén tinh
turong duong c6 thé lam giam thiéu sai sb cua
nghiém x4p xi so v6i nghiém chinh xac. Tuy
nhién cho dén nay, vin chua c6 ching minh
ly thuyét vé su lién hé sai s6 phuong trinh va
sai s6 cua nghiém xap xi. Qua qua trinh ap
dung ngudi ta nhan thay tiéu chuan kinh dién
cho cac két qua t6t véi cac sai sé nho khoang
vai phan tram cho cc hé phi tuyén yéu [3].
Do vay dd c6 mot sb tiéu chuan tuong dwong

khac nhu tiéu chudn tuong dwong nang luong
[4], tiéu chudn tuyén tinh diéu chinh [7] nhdm
giam sai s6 khi 4p dung cho cac hé phi tuyén
trung binh va manh. Cac két qua co ban ciia
phuong phép tuyén tinh héa twong duong
dugc trinh bay trong cac sach chuyén khao
cua Roberts va spanos [3], cua socha [4], dac
biét bai bao tong quan cua Crandall dd tong
két 50 nam phét trién cia phuong phap tuyén
tinh héa tuong duong [8].

M6i ddy, mot cach tiép cdn mdi cho bai
toan phi tuyén vé dao dong va diéu khién két
ciu dugc dé xuat boi N. D. Anh [9]. Cach tiép
can méi duge biét vdi tén goi cach tiép can
doi ngau véi quan diém tao ra mot sy hai hoa
trong nghién ctru, cho phép phat hién ban chat
clia van dé mot cach ddy du hon. Ap dung cho
linh vuc tuyén tinh héa twong duong da dan
dén ky thuét cyc tiéu binh phuong d6i ngiu
(goi tat [ k¥ thuat d6i ngau). Ban dau ky thuat
d6i ngau dugc dé xuét trong nghién cru dao
dong ngau nhién ciia cac hé phi tuyén mot bac
va nhiéu bac tu do véi kich dong ngoai on
trang [10, 11].

Muc dich cuia bai bdo nay la mé rong ticu
chuin dbi ngdu trén dé nghién ctu hé dao
dong phi tuyén tuan hoan nhim xac dinh tan
s6 dao dong riéng. Nhu da biét ddi voi mot hé
k¥ thuat viéc xac dinh cac tan s6 riéng c6 mot
tam quan trong dé tranh cho hé phai lam viéc
trong vung cong hudng.

2. TIEU CHUAN TUONG DUONG KINH
DIEN
Dé trinh bay y tuéng co ban va mot sd phat
trién cua phwong phap tuyén tinh hoa twong
duong, ta xét dao dong phi tuyén dugc mo ta
boi phuong trinh duoc biéu dién dudi dang:

¥+ 2hx + wpx + g(x,x) = f(t) (1)

trong d6 X, X va X lan luot 14 dich chuyén,
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van toc va gia tdc cua dao dong; h 1a hé $6
giam chan, g(x,X) la ham phi tuyén d6i véi
X va X, f{2) 1a kich dong cudng buc c6 thé 1a
ham tién dinh hay ngau nhién theo thoi gian.
Phuong trinh tuyén tinh héa twong duong cua
(1) c6 dang:

¥+ 2hx + @ x + bx + kx = £(1) ()
trong d6 b, k 1a céc hé s6 tuyén tinh héa. Sai sd
cua phuong trinh s¢ la:

e(x,x) = g(x,x)—bx —kx 3)
Theo tiéu chudn twong duong kinh dién ta yéu
cau sai s6 phuong trinh gitra (1) va (2) phai
thoa man diéu kién cuc tiéu cia trung binh
binh phuong sai s6:

S, = <(g(x, )L-)—b)'c—kx)2> Smin @)

b.k
trong d6 <(.)> 1a todn ti trung binh trén maot
chu ky khi nghién citru dao dong tién dinh,
hodc 1a toan tir trung binh theo xac sudt khi
nghién ciru dao dong ngau nhién. Tir (4) ta c6:

GAY
ob

oS
=0, —=L =0 5

ok ()
V6i gia thiét (xx) =0, giai hé phuong trinh
(5) thu dugc :

<)'cg(x,5c)>

po B elnd) (6)

()
Céc hé s tuyén tinh hoa trong cong thirc

(6) phu thudc vao cic dap ung chua biét x, x

]a nghiém cua hé tuyén tinh trong duong (2).
Nhu véy ta c6 hé 3 phuong trinh (2), (6) dé
xéc dinh 3 4n x(2), b, k. sau khi xac dinh x(z) s&
]a nghiém gan dung cua hé phi tuyén gdc (1).
Nhur ¢6 thé thay tir (6) do g(x, x) 14 ham phi
tuyén d6i v6i X va X nén b, k s& phy thudc
phi tuyén vao cac thong sb cia dap Gmg. Hé
qua cua diéu nay 1a hé tuyén tinh twong duong
(2) c6 thé mo ta cac tinh chat cua hé phi tuyén
gbe (1).

3. TIEU CHUAN TUONG DUONG DOI
NGAU CO TRONG SO

Nhu trén d3 viét nhidu két qua nghién ctru,
ching han c6 thé xem [3-7], da chi ra rang tiéu
chuin kinh dién cho két qua t6t (sai sé chép
nhén duoc) khi 4p dung cho cac hé c6 mirc d6
phi tuyén yéu va do chinh xac giam khi mirc
d6 phi tuyén tang 1én. Trong bai bao nay ta s&
mé rong tiéu chuan d6i ngiu, duoc dé nghi
trong [9-11] cho hé ngau nhién phi tuyén, cho
hé phi tuyén tudn hoan nham xéc dinh tin sd
riéng. Ta xét phuong trinh dao dong sau

() + w5 x(2) + g(x(t)) = 0 (7)
He¢ tuyén tinh twong dwong s& la

5(0)+ (@ +k,)x(0) = 0 ®)
Ta ¢6 thé xem xét tidu chuan ddi ngdu cé
trong sé dugc trinh bay dudi dang nhu sau

bao gom hai qua trinh thay thé di va vé.
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S, =(1- p)<(g(X) - deX)2>

9
+p((kyex = Ag())’ ) - min ?

trong d6 k, h¢ sb tuyén tinh hoa, A 1a hé s6
trd vé, p 1a trong s6 duoc chon trong khoang
0< p<1/2. Ta thdy ring khi p=0 sy thay
thé lugt di chiém wu thé hoan toan. Khi p =1/2
thi sy thay thé luot di va thay thé luot vé (d6i
ngau) cé vai trd nhu nhau va trudng hop nay
dugc nghién ctru trong [10,11]. Luu y ring
tidu chuan tuong tu nhu (9) da dwoc dé nghi
trong [12] cho hé phi tuyén ngau nhién va cho
dén nay chua c6 nghién ciru phat trién cho hé
tuan hoan. Dé xac dinh cac hé sb tuyén tinh
héa k, va hé sd tré vé A, tiéu chuin ddi

ngau yéu cu cyc ticu hoa tong S, , do d6

ann :0’ ann :0'
ok, oA
T do6 ta co

(1- p) {g(x)x)

k., (p)= 1- p}"2 <x2> > (10)
trong do ky hi€u

,_ (g@x) .
")) "

DPai lugng 7’ trong cong thirc (11) mo ta
quan hé twong quan gitra hai ham sb dudi
dang ciac m6 men, trong dé <(.)> la toan tir
trung binh trén mot chu ky dao dong. Ta thiy
rang hé s6 twong duong trong (10) phy thudc
vao gia tri cla trong sb p ndm trong khoang

0<p<1/2.

Viéc xac dinh gia tri nao cua p la bai toan
rat khé va 1a myc tiéu lau dai ciia cc nghién
ctru vé tiéu chuan d6i ngdu. Hién nay, hai gia
tri gioi han cua p dang dugc su dung va quan
tam nhiéu, cy thé p=0 Gng véi tidu chuin
kinh dién va p =1/2 da dugc dé nghi va danh
gia hiéu qua cho cdc hé phi tuyén ngiu nhién
[10,11]. Tuy nhién cac &p dung so bd gia tri
p=1/2 cho cac hé phi tuyén dao dong tuan
hoan cho cac két qua khong tdt, c6 thé 1a dbi
v6i cac hé nay can ¢6 su can dbi gifra cac sy
thay thé luot di va vé. Do vdy, trong bai bao
nay dé dam bao su can déi trén ta quan tim
dén hai gid tri dac biét trén bién. Cy thé,

- v6i p=0 ta c6 hé sb twong dwong kinh

dién (bién bén trai)
(g(x)x)
(o)
v6i p=1/2 ta c6 hé sb twong duong dbi ngau
(bién bén phai)
L1 (g(x)x)
w G =TT
2 2-r < x2>

k,, (0) = (12)

(13)

Nhu vy hé s6 twong duong dugc dé nghi,
k™, . s&1a gia tri trung binh cong cua hai hé

s0 tuong duong bién trén
1 1

- (g(x)x)
k dn _5(1"' 2_7_2) <x2>

. 377 (g(x)x)
427 <x2>

(14)

va tan s riéng cua hé phi tuyén (7) s& xac
dinh theo hé tuyén tinh hoa tuong duong (8)

o =\ +k,
3-r2 (g(x)x) -

_\/w§+4_2r2 <x2>

(15)
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Trong muc tiép theo s& 4p dung cong thirc
gan dung tan sb riéng (15) thu duoc theo cach
tiép can doi ngiu cho cac hé Duffing bac cao
va so sanh v&i nghiém chinh xac dé danh gia
sai sO twong Gmg.

4. AP DUNG CHO HE PHI TUYEN

DUFFING BAC CAO

Ta danh gia sai s6 cua cong thire (15) qua
hé phi tuyén Duffing bac cao

FO)+ 3" (1) =0

(16)

v6i diéu kién dau cho dich chuyén va van tdc
x(0) =1, x(0)=0. Day la hé bao toan ning
luong do d6 ta ¢o tan s dao dong chinh xac
duogc tinh theo cong thire sau [1]

2z dx

o, ——,Te:4j. 1

. (17)
e 0 [2"‘ x2n+1dx]l/2

Ap dung cong thirc (12), (15) ta ¢6 cic tan
s0 thu duoc bang tiéu chuan kinh dién va tiéu

chuan trong s6 nhu sau

<x2n+2 (t)>

a&d = =

()

<cosz”+2 (a)kdt)>

<cos2 (a)kdt)> ’

o e
4-2r* <cos2(a)d”t)> ’

2
2n+2
5 <cos (a)d”t)>
r- =
(cos™ (,,0){cos’ (e,,1))
So sanh cac tan soO tinh toan véi tan so
chinh xdc dugc thé hién trén Bang 1. Ta
7 N 7 I, ~ * ,
nhan thay tan so6 trung binh do6i ngau @ co
sai sO nho hon nhiéu so véi sai s O
cua tan so thu dugc bang ti¢u chuan kinh
dien.

(18)

Badng 1: So sanh cac tan so tinh toan voi tan
80 chinh xdac

n @, rg Wy,

1 | 0,847 | 0,866 | 0,846

2 | 0,747 [ 0,791 | 0,756

3 10,675 | 0,740 | 0,697
5. KET LUAN

Céch tiép can ddi ngdu v6i quan diém tao
ra mot sy hai hoa trong nghién ctru c6 kha
ning phat hién ban chat cua van dé nghién
clru mot cach day du hon. Viée ap dung cho
linh vuc tuyén tinh héa twong dwong di dan
dén k¥ thuét cuc tiéu binh phuong doi ngau
(goi tat 1a ky thuat d6i ngiu). Ban dau k§ thuat
d61 ngau dugc dé xuit trong nghién ctu dao
d6ng ngau nhién cta cac hé phi tuyén mot bac
va nhiéu bac tu do véi kich dong ngoai 6n
tréng.

Trong bai béo niy dd mo rong tiéu chuin
d6i ngiu trén dé nghién ctu hé dao dong phi
tuyén tuan hoan nhiam xac dinh tan s dao
dong riéng. Tiéu chuan mo rong phy thude
vao gia tri cua trong s6 va viéc xdc dinh gia tri
nao ctia trong s6 phit hop nhét véi bai toan phi
tuyén twong ung 1a vin dé dugc nghién ciu
lau dai. Dya trén y tudng vé sy can doi gitra
hai cach thay thé di va vé di dé nghi mét cong
thirc xac dinh hé s6 tuyén tinh héa trung binh
d6i ngau theo hai hé sé tuyén tinh héa tng
v6i hai gia tri bién cua trong s6. Ap dung cho
hé dao dong phi tuyén Duffing bac cao cho
thdy cong thirc dugc dé nghi ¢6 sai s6 nhé hon
nhiéu so véi cong thirc thu duogc bang ky thuat
kinh dién. So sanh trén cho thay c6 kha ning
ap dung cong thire duge dé nghi dé x4c dinh
tan s6 dao dong riéng ciia cac hé phi tuyén
phuc tap khac. Tuy nhién ciing can tiép tuc
nghién ciru tiéu chudn ddi ngau cho nhiéu hé
dao dong tuan hoan khac dé hiéu rd hon vai
tro clia cac thay thé nham thu duge mot cong
thire hoan thién cho thyc té k§ thuat.
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