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ABSTRACT

This paper presents a meshless approach to analyzing two-dimensional elasticity
problems by the Element-Free Galerkin (EFG) method. It is based on moving least squares
approximant. The unknown function of displacement is approximated by moving least square
approximants . These approximants are constructed by using a weight function, a monomial
basis function and a set of non-constant coefficients. A subdivision similar to finite element
method is used to provide a background mesh for numerical integration. The essential boundary
conditions are enforced by Lagrange multipliers. The results are obtained for a two-dimensional
problem using different EFG weight functions and compared with the results of finite element
method.

1. Giéi thi¢u

Phuong phap phan tir hiru han (Finite Element Method — FEM) dugc xem la 1 phuong
phap s6 manh va hiru dyung trong vige giai quyet thanh cong nhiéu bai toan co hoc. Tuy nhién,
trong mot sO truong hop nhu cac bai toan vé bién dang 16n, cac bai toan vét ntt: qua trinh
blen dang ludi phan tu s€ bi méo dac biét voi nhirng bai toan c6 mién hinh hoc phuc tap, chinh
diéu nay tao nén su bét lién tuc trong qua trinh truyen nang lugng qua bién cac phan tir. Do
do, viéc ap dung phuong phap phan ti hitu han da gip pha1 kho khan vi pha1 lam lai ludi sau
mdi bude tinh toan dé dam bdo sy chinh x4c va hoi tu cia phuong phép, va nhu vy s& dan dén
chi phi tinh toan cao. Pé khac phuc diéu nay, nhiéu phuong phap khong ludi duoc dé nghi:
phuong phap Smoothed Particle Hydrodynamics (SPH), Reproducing Kernel Particle Method
(RKPM), Element-Free Galerkin (EFG), phuong phap Meshless Local Petrov-Galerking
(MLPQG).

_Trong bai bao nay, chung to1 st dung phuong phap EFG v6i phép xap xi binh phuong t6i
thiéu dong (MLS) dé nghién ctru dao dong tu do cho thanh va dam.

2. Ham x4p xi MLS
Xép xi MLS duoc Lancaster and Salkauskas xay dung dé xap xi cac dudng va mat bat ky.

Xét mién Q chtra cac diém nat X, (1 <i< n) Trén mién nay, tip cac ham lién tuc u co gia
tritainatla U, . Xap xi MLS cta u trén Q 14 u "(x):

W' ()= P, () = p’ (a () ()
ponedd pl=lp () py(x) . p, ()] o

Véi p(x) a(x) lan luot IT cac ham co so doc lap tuyen]tlnh va cac hé sb xap xi can xac dinh.

a’(x) (x) a,(x) .. a (%

Céc tham sd a (x) du’oc xac dlnh bang cach binh phuong tdi thiéu c6 trong sb theo chuan sai s6

j'(x):fw( ) ]wax[z) o0 G)

i=l
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Vi w;(x—x,) 1a ham trong s0. N6 s& khac
khong trén mién anh huorng cuanut x;. Trong
phuong trinh (3) chi cac niut nam trong mién
anh huéng méi duge su dung. Kich thude
mién anh huo’ng cia moi nut va cach chon
ham trong sO dong vai tro quyét dinh cho
viéc xac dinh cac tham s a (x) trong xap xi
MLS.

a(x)=A4"(x)B(x)U

Vi

B=hﬂx—%nia)\v@—xﬁpuﬂ -

(6)
W (r-x,)p(x,)]

. =
ol ’ dmaxci
Trong do:
2+4 d_. la hé sO ti 18 thuong chon

4= Zw (x-x,) p(x.) :[Ul U, . UH]

Thé (4) vao (1), ta thu duoc: (7

u"(x) = ifl.(x)U,. = D(x)U

Vo6i ®@(x) 1a ham dang MLS
=27, (4" 0BW) =p'4'B

D(x) = [1 (x) J,(x) i.M™]
O day ham dang s¢ khong thoa man tinh chat

delta Kronecker nén u"(x,)#U, s& khong
thoa man diéu kién bién chinh. C6 nhiéu cach
khir didu kién bién chinh: st dung nhan tir
Lagrange, sir dung ham phat. Trong bai bao
nay ching t6i st dung nhan tr Lagrange dé
khir diéu kién bién chinh.

3. Ham trong s6 va mién dnh hwéng:

Mot ciu thanh quan trong ctia phuong
phap EFG 1 ham trong s6. Ham trong s6 phai
dwong va lién tyc trong mién anh huong va
thoa man mot s6 diéu kién sau:

e w(x) >0 trong mién hd trg

e w(x)=0ngoai mién hd trg
C6 nhiéu cach chon ham trong 30, trong bai

bao nay s¢ chon ham spline bac 3 (The cubic
spline weight function)

2 1
Z—4r’ +4r Khi r. <—
3 ] ] ] 2

4 , 4, 1
o,(r) = E—4rj +4r; _Erj Khi ESerI

0 Khi 1, >1
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Hinh 1. Mién hd trg chit nhat va hinh
tron

4. EFG va nhan tir Lagrange:
+ Phan tich tinh hoc
Phuong trinh vi phan can bang cho bai toan
dan hoi 2D c¢6 dang:
L's +b =0 phuong trinh vi phan
u =u diéu_kién bién chinhS, (diéu kién
bién chuyén vi)
Sn=7 diéu kién bién ty nhiénS, (diéu
kién bién luc)
v61L1amatran viphén, s la ma trdn ing sut,
b 1a vector lyc thé tich, u 1a vector chuyén vi,

S 1a tensor (mg sudt, n 1a vector phap tuyén
trén bién.
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Trén day la phuong trinh dang manh tic
tao ra 101 giai chinh xéc bang cach lay tich
phan, nhung viéc tinh toan cac tich phan do
thi gdp rat nhleu kho khan. Do do, ta dung
phu’ong phép s6 dé giai. C6 nhleu phu’O’ng
phap s6 dé giai, & day chung toi xay dung
ham Lagrange
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(11) L=T-T, +W

Véi T la dong nang, IT 1a nang lugng bién
dang, W la cong ngoai luc

T:%jrafadg, I :%Iers {8 =[ b+ '

Do ham dang khong thda man tinh chat delta
Kronecker nén u'(x,)=U,. Dé khu diéu
kién bién chinh ta hle;u chlnh ham Lagrange
bang nhan tir Lagrange

Q 0 Q §

!

L=r+] 1"@-mas, (14)

Trong do6:1 1a nhan tor Lagrange duogc xéc
dinh

L) =N, (15

VéiNla 113hép ndi suy Lagrange chi phu thudc
toa do cac nut.

Theo nguyén ly Hamilton ta c6 dang bién
phan

jd(i B,u,)f(cﬁ: Bu,)d0-| dQ”:@,u,)’bdQ—jd(im,u,)fws,
! v (16)
j Zcb,u, -i)d jd(ZcD,u, 1ds, =0
Viét gon lai
dU'[KU + Gh— F1+d X" [G'U —gq]=0 (17)

Vi
K, =[BlcB,d0 (18)

VidU vad# 14 hai bién doc lap tuyén tinh
nén dugc hé phuong trinh

(19)

KU+GR—F =0
G'U—-g=0

T
__J‘NIQJdSu (21)

@IIL“DI j?,x} ol _[N 0]
Bleozthl’y' 0 N

j 1,y J I.x

(23)
(20)

g, =—| Njuds,

Ix Ty

F= jcbbdQ+jc1>zdS " =[b, b, 1)

(24)
“ ¥ Phéntich dno ding t do
Dang yeu Galerkin theo nguyén Iy Hamilton cho baitodn dng hoe
|5VB;¢, (cV'B,u])dQ |5,1’ %;4, )-)ds, - |5V®;¢, ) AdS,
o ! s 1 ¢
()
e o
o 1
Got phwong frinh dao dong ti do ¢6 dang u(x.t) = u(x)sinas +4) (26) St dung cdc cong
thite (18) dén (22) va (26) thé vao (25) tauban dnoc:
K-di Gl[U]
¢ ol
v =gt (3

4}

Tialh tr riéng va vecto iéng bing cach tinh dinh thic ma trn:
(-0l G .
¢ 0

()

Tinh tri riéng va vecto riéng bang cach tinh
dinh thirc ma tran: ,
‘K -wM G

G’ 0

=0

(29)

5. Ap dung
Cho bai toan dam c6 cac théng nhu sau:
e Chiéudai L=100m
e ChiéucaoD=10m
e Bédayt=1m
e Modul dan hi E = 2x10* N/m’
e Hé sb Poisson v=0.3

e Khbi lugng riéng r =8x107"
Kg/m’
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Hinh 3. Dang dao dong cua 5

Béng 1: Bang so sanh gié tri 10 mode dau tién
cua EFG va FEM.

Mode dau

57

Mode

EFG
(63 Nut)

FEM(Abaqus)
(63 Nt)

D (%)
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1 823.54 870 5.34
2 4960.83 5199 4.58
3 12827.66 12830 0.02
4 13132.78 13640 3.72
5 23993.58 24685 2.80
6 36770.58 37477 1.88
7 38455.24 38378 0.20
8 50840.86 51322 0.94
9 63995.84 63584 0.65
10 65783.36 65731 0.08
Bang 2: Bang gia trj tan s6 10 mode dau cta 1 s6 ludi véi d, =25
TAI LIEU THAM KHAO
Mode | 20x2 31x4 | 51x6 | 61x7 :
1 840 803 802 802 ’ ’ ‘
2 5051 4817 | 4814 | 4814 [1] D& Kién Qudc,Pan Hoi Ung Dung,
3 12522 | 12516 | 12515 | 12515 NXB bai Hoc Quoc Gia TP. HO Chi
4 13332 | 12694 | 12681 | 12680 Minh, 2002 .
2 %47%33 %ggﬁ %g?gz %g?ig [2] Nguyen Hoai Son, Vii Nhu Phan Thién,
Do Thanh Viét, thmg Phép Phan Tir
7 37551 | 37523 | 37518 | 37518
8 | 51123 | 48503 | 48399 | 48392 Hary Han Vo Matlab, NXB Dai Hoc
Quodc Gia TP. H6 Chi Minh, 2001 .
9 62527 | 62442 | 62398 | 62385 3 N Hodi Son. Lé Tharh Ph
guyén Hoai Son, Lé Than ong,
10 65975 | 62564 | 62434 | 62433 Mai Dt Dai, Ung Dung Phirong Php
Phan Tir Hitu Han Trong Tinh Toan Ket
6. Két luan Cau, NXB Dai Hoc Quéc Gia TP. H6

Trong qua trinh phan tich cac mode dao
dong kha on dinh, két qua thu dugc vé tan s0
duogc so sanh véi 101 giai FEM (phan mém
Abaqus) cho ta sai sO tuong dbi tot (khong
vugt 6%) cho thay phuong phap la dang tin
cay Dic diém cua phu(mg phap nay la chi yeu
cau mot hé cac diém nuat cung véi cdc mién
anh huong ctia né dé xay dung 10i giai xap
xi ma khong c6 lién hé gitra cac nat. Phuong
phap EFG la mot phuong phap khong ludi
nhung ludi nén van dugc str dung trong phep
tinh tich phan dé xdy dyng ma tran do ctng,
ma tran khoi luong.

Trong phU;O‘ng phédp EFG ham chuyér,l
vi u(x) duoc xap xi boi u'(x). Do do, mot so
nguyen nhan anh huong dén do chinh xéc ciia
lo1 giai:
e Mat d6 nat phan bd trong mién
khao sat.
e Kich thuéc ban kinh mién anh
huong.
e Dang ham trong sd.
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